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3.1. Introduction

Dimension study plays a vital role in the field of mathematics. Since the problem of the
object is not only in the single real line part. To get a complete solution of any physical
problem we need the solution of the whole dimension of the object. For a surface study
of any experiment, the two-dimensional imprecise number takes a part to identify
properly, how much membership of the object is effecting on the surface of the object.
So to study how much percentage is occupied as a member, called membership value

along the two axes, this chapter is coming out.

Here, the concept of imprecise number over the real line defined by Baruah (2011) [6],
[7] is extended into a particular form of two-dimensional imprecise number so that we
can study the effect of fuzziness occupied over the two axes of the body. Identification
of the effect of fuzziness characters in the specific dimension will help to solve many

difficult practical problems.

Like the one-dimensional imprecise number intersection and the union of two imprecise
numbers definition is also introduced in their own notation. It is expressed with the help
of maximum and minimum operators. All the properties occurred under these
operations on one-dimensional imprecise number are proposed in the two dimensional
imprecise numbers and their proofs are done with the help of examples. Application of
two-dimensional imprecise numbers in the field of economics is discussed with the

examples.
3.2. Two-dimensional Imprecise Numbers

In the definition of Baruah (2011) [6], imprecise number is defined for only x-axis. This
case is studied if the effect of fuzziness over the physical significance is along the x-axis,
when all other remaining axes are already fully membership. In practice such a standard
problem is limited. So, to study practical problems in more effectiveness it may be
introduced two-dimensional imprecise numbers. Two-dimensional numbers are
expressible in XY-plane. Here, imprecise number is defined in the two-dimensional
form such that the full membership along the x-axis and the y-axis is considered one
when other axes are already fully membership. For example, at any instant distance
travelled by a wave is the x-axis and the height of the tide is y-axis.
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3.2.1. Definition: A two dimensional imprecise number

Nxy = [(ete, @y); (Br By )i (o V)] vvveeeeeiiieiaeeiee, (3.1
is divided into sub intervals with a partial element is presence in both the intervals.
Where all the points in this interval are the elements of Cartesian product of two sets

X X Y and both the sets X and Y are the imprecise numbers.

3.2.2. Definition: An element of partial presence in the two-dimensional imprecise
number Nyy = [(ax, @y); (Bx, By); (V2 ¥y)] is described by the present level indicator

function p(x,y) which is counted from the reference function r(x, y) such that present

level indicator for any (x,y), (a,, ay) <(Y) S ovy) is (p(xy) —1r(x,y)) ,
where (0,0) < r(x,y) <p(x,y) < (1,1).

3.2.3. Definition: Indicator function of the two-dimensional imprecise number Ny, =
[(ax @y); (Bx By); (Y ¥y)] is represented and defined by,

pXYl(xl y); (ax' ay) < (X, y) < (ﬁx:ﬁy)

Pryy(C0Y) =3 pxy2(6,7), (BoBy) S (6,9) S (Vo ¥y) ooveeeeeeees: (3.2)
0, otherwise

Such that me(flx; ay) = Pxyz (Vx» Vy) =0 and PXY1(ﬁx:ﬁy) = Pxy2 (ﬁx' ﬁy)-

where pyy1(x,y) is increasing function over the interval [(ay,ay), (B By)] and

pxy2(x, y) is decreasing over the interval [(By, By), (Y ¥y)]- Then,

Case I: Two-dimensional normal imprecise number if,
Pxy1 (ax' “y) = Pxy2 ()/x')/y) =0

and pXYl(ﬁx'ﬁy) = pxyz(ﬁx, ﬁy) = 1 ........................ (33)
Case II: Two-dimensional subnormal imprecise number if,

PXY1(ax» ay) = Pxy2 (yxr)/y) =0
and  pxy1(Be By) = Pxva(BoBy) # Loveiiiieiiiiiiice, (3.4)
And (pxr1 (6 Y) = pxy2(6, 7)) = (@ = B) X (@y = By)evveeeeeiinnnnnn (3.5)

is called membership value of the indicator function pyxy (x,y).
Where pyy(x,y) = (ax' ay) and pxy,(x,y) = (ﬁxfﬁy)

3.2.4. Definition: Complement of the normal imprecise number
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Nxy = { pnyy (%, 7),(0,0): (x,¥) € X X Y} is defined by

Nyy© = {(1,1), pyxy (6, ¥): (6, ) ERXR} oo, (3.6)
with membership function equal to (1,1) and the reference function py, (x,¥) <1
for —oo < (x,y) < oo,
Two-dimensional imprecise number is characterized by,

{oxy1(6,¥), pxy2(x,¥): (x,¥) EX XY}
Where p,(x,y) and p,(x, y) are called membership function and the reference function

of the indicator function py,, (x, y) defined in equation (3.2) and
(pXYl (x, y) - pXYZ (x, y)) = (x1 - xZ) X (y1 - yz) ........................ (37)
is called the membership value of the indicator function.

Where pxy1(x,y) = (x1,y1) and pxy2(x,y) = (x2,¥2) respectively.
If the membership value is equal to 1, then the two-dimensional imprecise number is

called two-dimensional normal imprecise number otherwise subnormal.

3.2.5. Definition: If A(pxy(x,¥)) = {(pxy1(%, ¥), pxy2(x,¥)): (x,y) € X x Y} and

B(pxy (%, %)) = {(pxv3(x,¥), pxya(x,)): (x,¥) € X x Y},
Then intersection and the union of imprecise numbers is defined by,

min(pxn (x, ¥), pxy3(x, 3’))' },,.(3.8)

Ay Gy 0 Blory (x,7)) = {max(pxyz(x, ¥), Pxya(x, 3’))1 (x,y) eX XY

max(pxy1 (%, ¥), pxys(x, 7)), } (3.9

AP (67N Blpxr (7)) = {min(pXYZ(x' ¥), Pxya(X, )’))1 (x,y) EXXY

3.3. Properties of Two-dimensional Imprecise Numbers

Classical set theory properties under the operations of maximum and minimum is

proposed in two-dimensional imprecise numbers.

3.3.1. Property (Universal Laws)

(i) Apxy (x,¥)) N AC(PXY(X, }’)) = 0(pxy (%, ¥))
(i) A(pxy(x,¥)) U AC(PXY(X, }’)) = Qpxy (x,¥))
Where, A€ (pxy(x,¥)), @(pxy(x,¥)) and Q(pxy(x,y)) are complement of set, empty

set and the universal set respectively.
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Since the one-dimensional imprecise number is always satisfy all properties of classical
set. First it can be claimed that two-dimensional imprecise numbers also satisfies the
above Universal Laws. For this purpose, let a dram ‘A” filled with a portion of mercury

and is shown in the figure below.

N| =

\4
<

Fig.3.1. Two-dimensional imprecise number

1

Imprecise number is A((pXY(x,y))z{(5,%),(0,0)} with the membership value

1 1 1 1 1 . . .
(5 —0) x (E — 0) = (E X E) =3 and the portions of complement of imprecise humber

1 1 1
are A (pxy(x,y)) are {(1,1), (O, E)} and {(1,5) G 0)}.
Now by the intersection and union definition of imprecise numbers we have,

A(PXY(X’ }’)) N AC(PXY(X» 3’))
= {(min (%, 1) ,min G, %)) , (max (0,%) , max(0,0))}
={G3).Go)}

It’s membership value: (5 - %) X (% - 0) = 0.

And {(min (5,1), min (3.3)). (max(00), max (0.3))} = {(3.3). 0.9}
Its membership value: G —0) X (%— %) =0.
Since, the union of two empty sets is again empty set. So, intersection of the

membership and its complement is forming a two-dimensional null or empty imprecise

number to satisfy the property 3.3.1(i).
(A0 53) U 4o e) = (2.2). 0w ({0, (0.2)) 0 [(12). €. 0))
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o) )]l s ).
(min@0,min(0.2)) | || (min(0.2), minco)
= {11, 00} u{(13). 0.0}
= {(max(1,1), max(1,3)), (min(0,0), min(0,0))}

={(1,1),(0,0)}
It has the membership value: (1 —0) x (1 —-0) = 1.
Thus the union of the membership and the complement of two-dimensional imprecise
numbers is the universal two-dimensional imprecise number to satisfy the property
3.3.1.(ii).

3.3.2. Property (Commutative laws)

Let A(pxy (%, ¥)) = {(Pxy1(x, ¥)), (Pxv2(x,¥)): (x,y) € X x Y} and B(pxy(x,¥))
= {pxy3(x,¥), pxva(x,¥): (x,y) € X XY} be two-dimensional imprecise numbers.

Then,

() A(pxy1(x,y)) U B(pxy2(x,¥)) = B(pxy2(x,¥)) U A(pxy1(x,¥))
(i) A(pxy1(x,y)) N B(pxy2(x,¥)) = B(pxy2(x,y)) N Alpxy1(x,¥))

Proof: If Alper1 () = {(5,3). (3.3)} and Boxya (e 3) = {(3.3). (5.2)} e

two dimensional imprecise numbers, then

) Alper @) UB(pera)) = {

(ii) A(pXY1 (x, }’)) N B(pXYZ (x, J’)) = {(max (21 1)
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Hence proved
3.3.3. Property (Distributive Laws)

If  A(pxy1(x,¥)), B(pxy2(x,¥)) and C(pxys(x,y)) be two-dimensional imprecise
number, then

(i) A(pxy1(x,y)) N (B(PXYZ (x,¥)) U C(pxys(x, y)))
= (A(PXY1 (x, }’)) N B(PXYZ (x, J’))) U (A(,Uxm (x, }’)) n C(PXY3(x: Y)))
(ii) A(pxy1(x,y)) U (B(nyz (x,¥)) N Cpxy3(x, )’)))

= (A(PXH(x,)’)) U B(nyz(x: 3’))) n (A(Pxn(x' }’)) U C(pXY3(x' Y)))

Let us prove the property 3.3.3.(i) and 3.3.3.(ii) with example.

It Al @) = {(5.3).(5.3)} BloxrzGe ) ={(5.3). (5.3)}
and Cloxrs(xy) = {(3.3). (5.3)} Then.

6’6

Proof:

(i) A(pxy1(x,y)) N (B(pXYZ (x,¥)) U C(pxy3(x, 3’)))

(eneanmea i)
_ {(;,%),(f.f)};r{l(i%l)'(%%)}
(=)

G35 G)

and (A(PXY1(x; ¥)) N B(pxy2(x, J’))) U (A(Pxn(x' ¥)) N C(pxys(x, }’)))
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11 11

{ min mln {(mm(z 6) m1n<2 6))

max ,ymax 1 )) (max (1 1) max (1 1))

( 4 L 4’7 4'7))|

={G3)- GGG

(max (5,5) max 5.5)).

={(mi"( %)'min(%&))}
={G3)-G3

)

YR

Hence proved
A(pxy1(x,y)) U (B(PXYZ (x,¥)) N C(pxy3(x, }’)))

IR(EORED)
] {(““." (2) mas e;))}

={G3) G}

And (A(pXYl (x,¥)) U B(pxy2(x, y))) N (A(PXY1(X: ¥)) U C(pxys3(x, 3’)))

(oD ma ) (o) mos23)

s (22 min &) in 2.2)min )
(G2 GGG
(i)
(max 3.5), max (5.))
={G3)G3)

3.3.4. Property(ldempotence Laws)

(i) Alpxy(x,¥)) N A(pr(x, J’)) = A(pxy (x,¥))
(ii) Apxy (x,¥)) U Apxy (x,¥)) = Alpxy (x,¥))

Hence proved
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The properties are obviously true.

3.3.5. Property (ldentity Laws)

(i) A(pxy(x,y)) N (D(PXY(X, }’)) = B(pxy (x,¥))
(i) Alpxy (%, ¥)) U B(pxy (x, ) = Alpxy (x,¥))
(i)  Alpxy(x,¥)) N X(ny(x» }’)) = A(pxy (x,¥))

(iv)  Alpxy (%, ¥)) U X(oxy (%, ¥)) = X(pxy (x,¥))

Where X(pxy(x,y)) is universal set and @(pxy (x,v)) is null set.

To prove the property 3.3.5. (i) and 3.3.5. (ii) let us consider,

Al = {(5.3).(53)} and  B(pxr () ={(0,0),(5,5)} . be such that
membership function of the imprecise number of A(pxy:1(x,y)) is G%) and is
measured from the reference function (1,3), where (1,3) and (3,1) are the half portion,

3°3 2°2 3°3
one third portion of the two dimensional object respectively.

D(pxy(x,y)) = {(0,0), Gi)} is a null imprecise number measured from the one

third potion of the two dimensional objects. Here membership function is zero due to
null .Then,

Proof:

i) Al ) N0 @y) ={(53).G.3)} n{00.5.3)}
{<m il o»}
( max (3.3))
00 )}

D(pxy1 (x y))

{

Hence proved

(i) Al () U 8oy ) ={(5.3) (5.3)} v {00, (1,1}
{(max(%,o ,maxG,O)),}
(min (5.5),min (.5))
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= A(pxy1(x,¥))
Hence proved

To prove the property 3.3.5. (iii) and 3.3.5. (iv), let us consider A((pxy:1(x,y)) =
{(11)69} and X((pxy(x,y)) = {(3 3) (%%)} be such that membership

4" 4

function of the imprecise number of A((pxy1(x,y)) is G%) and measured from
reference function, (1,3), where (1,3) and (1,3) are the one fourth portion, one fifth
5°5 44 5°5
portion of the two-dimensional object respectively.
11

X((pxy(x,y)) = {(3 3) (E’E)} is the universal imprecise number measured from

the one fifth potion of the two-dimensional object. Here membership function is three

fourth portion of two-dimensional object and is greater than the membership value of

A((pxy1(x,¥)). Then
A SN (N R CERCE)
(G3):

{G3
m1n 3 ,min (-

_ 4
{ max ,max (;,%))
{G3
= @(

)}

(Pxv1 (x y))

Hence proved

(V) Alpxn V8w ) ={(53) G2V {G3) G3))
;.z max(2.2).
{ ).min ;7))
(G2
= X(

)}

(pXYI(x ¥))
Hence proved

3.3.6. Property (Associatively Laws)
If ACoxy (x,¥)) = {oxy1(x, ), pxy2(x, ¥): (x,¥) € X X Y},
B(pxy(x,¥)) = {nys(x: V) Prya(X,¥))(x,y) € X X Y}

and C(pxy (x,¥)) = {pxys(x,¥), pxve(x, ¥): (x,y) € X X Y} be two-dimensional
imprecise numbers, then
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i) Alpxr () U (B(pxy (e 3)) U Cloxy (6. 3))) = (A(pay () U
B(pxy (x,3))) U C(oxy (x,7))
(i) A(pxr (6 3)) 0 (B(oxy e 3)) 0 Cloxy (6 3))) = (Alpay () 0
B(pxy (x,3))) N Coxy (7))
To prove this property, let us consider  A(oy (xy) = {(5.2).(5.9)} |
o) = {32 () 0 e = (). 32 o,
Proof:

i) Alxy (o) U (Bpxy (x,)) U Coxy (x,7)))
={G2) G {G2) GG -G
o gy () mes ().
(D C (it e )
={G2) GGG

{(max(%%)'max(%é))'}

(min 5.3)min (.3

{G2)-G3)

(A(pxy (6, 3)) U B(pxy (6, 3))) U € (pxy (7))

=({G2)- GG GG G

Hence proved
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(i) A(pxr(x 7)) 0 (Bpxr(x,7)) 0 C(pxy ()
=1G2) G (G- G {26
[ C2mnC)
IR

9’9 9’9
e3) (53)
6 9’9

={G2)-G3)}
(A(pxy(x, ¥)) N B(pxy(x, y))) N C(pxy (x,¥))

(6D-CnIED CAALCD.6.9)
((“‘;ff(l o )i)}n{ea,ee)}
26

Hence proved

3.3.7. Property (De-Morgan’s Laws)

If ACoxy (%, ¥)) = {oxv1 (%, ), pxy2(x, ¥): (x,¥) € X X Y},
B(pxy(x,9)) = {pxys(x, ¥), pxya(x,¥): (x,¥) € X X Y} be two-dimensional imprecise

numbers. Then,
M (Ao ) UB(oxy (1)) = Aoy (2, )) 0 B (pyy (x,3))

() (4(oxy(63)) By () = A(oxy (5,3)) U B (pyy (x,))
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To prove this property let us take the above two dimensional imprecise numbers
11 11 11 11
Aoy ey = {(3:3) (5:3)} nd Blowr o) = {(5:5). (55} Then.

Proof:

(i) (A(ny(x» ) U B(pxy (x, y)))c

-({G2.G)
={an.(.3)}
1) 05 ar e ) = ({(5:5).(5:5))) 0 ((5:3)-(5-5))

Hence proved

(ii) (A(ny(x, ¥)) 0 B(pxy(x, y)))c - ({((::;((i 51)) r:::x( El%i)})

=((G-GA

c

Hence proved
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Here, membership function of A(pxy(x,y)) and B(pxy(x,y)) are G%) and G%) and
are measured from the reference function, (gi) So the complement of A(pxy(x,y))

and B(pxy(x,y)) are measured from reference function G%) and G%) till to the

highest membership function of the two dimensional imprecise function (1,1).

3.4. Application of Two-dimensional Imprecise Numbers

Two-dimensional imprecise numbers can be obtained as an application in the field of
economics. Assume that 60% of the effort of production of different crops of our
country is done every year to fulfill the 75% needs or demand of our people. So, the
production of crops should be increased to 85% so that demand can be fulfill hundred
percent. In this case demand and the production situation can be expressed in two-
dimensional imprecise number. Thus, imprecise number is obtained in the following

form,
A(pxy(x,3)) = {(100%, 85%), (75% ,60%)}
17 3 3
={(13) G}
Here, membership value can be model in the following form,

A{pxy1(x,¥), pxy2(x,¥): (x,y) € X XY} = |x1 — %21, [y1 — ¥2l;

Pxy1(x,y) = (1, ¥1), pxyv2 (%, y) = (x2,¥2)
Where |x; — x,| and |y; — y,| are distinct behaviors. In case the behaviors of variables

are similar, then their product will be the membership function of the above imprecise
number. Otherwise membership function will be counted separately.

3 17
=, =

Thus, membership function of above demand and production problem is, |1 =l 5

§| = |§| , |% = |§| , E| Which shows that 25% more effort of production and demand

has to increase to fulfill the people need of our country.

3.5. Conclusions

Solution of practical problem is the main objective of this study. So the possible effect
of fuzziness of any particle is suggested to study for all the axes. If the problem is
solved in one part of the axis may not overcome for whole of the body because of not
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study of another part of the body. All types of imprecise numbers are assumed as
classical set to have the same characters and properties. So, the characters of classical
sets are helped to identify the characters of two-dimensional imprecise numbers.
Operations of intersection and union of sets are the tools to obtain the properties of two-

dimensional imprecise numbers.
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