Chapter 5

COLOR ENERGY OF A SEMIGRAPH

5.1 Introduction

In chemical literature graphs are used to represent different chemical objects
like molecules, reactions etc. It depicted a chemical system whose vertices are atoms,
electrons, molecules, groups of atoms etc. and edges are bound between molecules,
bounded and non-bonded interactions, elementary reaction steps etc. Molecular
graphs are a special type of chemical graphs in which vertices are considered as
individual atoms and edges as chemical bonds between them. Graph energy was first
introduced by Serbian chemist and mathematician Ivan Gutman [22] in 1978 to
approximate the total m-electron energy of a conjugate hydrocarbon as calculated by

the Huckel molecular orbital (HMO) method in quantum chemistry.

Adiga et al. [6] introduced the concept of graph coloring, color matrix, and its
energy defined as follows:
Let G be a vertex-colored graph of order n. Then the color matrix of G is the
matrix A.(G) = (a;j)nxn for which
a;j(v;,v;)) =1 ifv; and v; are adjacent,
=-1 if v; and v; are non-adjacent with c(v;) = c(v;),
= 0, otherwise.
Where c(v;) is the color of the vertex v; in G. The vertices of the graph G are

colored so that two adjacent vertices always have different colors.

The color energy of a graph G with respect to a given coloring is the sum of the

absolute values of eigenvalues of the color matrix A.(G).
Further Joshi and Joseph [34, 35] established some new bounds for the color

energy of graphs. Motivated by the above-mentioned works, we got interested to

develop the concepts on color energy of semigraphs.
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A coloring of a semigraph G(V,E) is an assignment of colors to its vertices,
such that not all vertices in an edge are equally colored. A strong coloring of G is a
coloring of vertices such that no two adjacent vertices are equally colored, whereas
an e-coloring is a coloring of vertices such that no two adjacent end vertices of an
edge are equally colored. As r-coloring (r-strong coloring, r-e-coloring) uses r
colors, and partitions V into r respective color classes, each class consisting of
vertices with the same color. The chromatic number y = y(G) of G is the minimum
number of colors needed in any coloring of G. Similarly, we defined the strong
chromatic number y; = xs(G), and the e-chromatic number y, = x.(G) of G.

Clearly, a strong coloring is an e-coloring and an e-coloring is a coloring.

5.2 Color matrix and color energy of semigraphs

Definition 5.1 Color matrix and energy of a semigraph
If G(V,E) be a vertex-colored semigraph order n and size m where not all the
vertices in an edge are colored equally. Denote by c(v;) the color of the vertex v;.
Then the color matrix of the semigraph A.(G) = (a;;j)nxn 1s defined as
a;; (v, vj) =1 if v; and v; are adjacent.
=-1 if v; and v; are non-adjacent with c(v;) = c(v;).
=0, otherwise.
If A.(G) be color matrix of a colored semigraph G. Then its eigenvalues
&1,é,,....,&, are called color eigenvalues. The color matrix A.(G) is symmetric and

hence all of color eigenvalues are real. If the distinct color eigenvalues of A.(G) are

& >8> > &, r < nwith their multiplicities m,, m,,...., m, then we have
SpeCCG=< 1 EZ E‘I’)
ml m2 “aa m_r_

called the color spectrum of a semigraph. The color energy of semigraph G is defined

as  E.(G) = XiL4l&l.
This definition parallels the definition of the ordinary graph energy [22], and

also of the color energy of a simple graph [6]. For a symmetric matrix, singular

values are same as their eigenvalues. Therefore, the present definition of color
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energy E.(G) of semigraph is consistent with the energy of a semigraph [64], as well

as with the definition of distance matrix and energy of a semigraph [51].

Example 5.1 G(V, X) be a connected semigraph as shown in Figure 5.1, having
vertex set V = {1,2,3,4,5,6,7,8} with the minimum colors C1, C1, C2, Cl1, C2, C2,
C1 and C2 respectively and edge set X = {(1,2,3), (3,4), (4,5,6), (6,7,3),(7,8)}.

6(c2) 5(C2) 4(c1)

O
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7(c1)

8(c2)

L \
1(c1) 2(c1) 3(c2)

Figure 5.1
Then, color matrix A.(G) of the semigraph G (V, X) is

0 1 1 -1 0 0 -1 0
1 0 1 -1 0 0 -1 0
1 1 0 1 -1 1 1 -1
-1 -1 1 0 1 1 -1 0
4:(6) = o 0 -1 1 o0 1 0 -1
0 0 1 1 1 0 1 -1
-1 -1 1 -1 0 1 O 1
o 0 -1 0 -1 -1 1 O

5.3 Fundamental properties of color energy of semigraphs:

Suppose that G(V,E) is a vertex-colored semigraph of order », and having m
edges. Let A.(G) be the adjacency matrix with respect to a given coloring of G(V, E).
Consider the characteristic polynomial of A.(G),

P.(G,&) = det(&l — A.(G)) = apé™ + a1 + ayé™2+....... +a,.

Theorem 5.1 Using the notations given above, we have
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m
2 |e | — (Number of pairs of non — adjacent vertices receiving the
i=1
same color in G )
(d) a3z = —-2{(Number of triangles of G) + (No of triplet of which two adjacent

vertices with same color) — (No of triplet of which two non-adjacent vertices with

same color) — (Number of non-adjacent triplet having same color in G)}.

Proof: (a) It is clear from the definition of the characteristic polynomial of A4.(G).
ie. PG, &) =det(fl — A(G)) ,that ay =1
(b) Since the diagonal elements of A.(G) are all zeros, a; = 0

(¢) (—1)%a, = Sum of all the 2 x 2 principal minors of A.(G)

au au
— - 2.
= 2 la gl= 2 (y-am) == ) o

1Si<j<n 1<i<jsn 1<i<jsn
m

. e; .

i.e. a;=- Z (|21|) — Number of pairs of non
i=1

— adjacent vertices receiving the same
color in G.

(d) a3 = (—1)2 Sum of all the 3 x 3 principal minors of 4.(G)

Qi Ajj
— 3 - .
=(-1) i 4jj a]k =-2 Z ij Aj Ak
15i<j<ksn |Qki  Qkj Qkk

= —2{(Number of triangles of G) + (No of triplet of which two adjacent vertices

with same color) — (No of triplet of which two non-adjacent vertices with same

color) — (Number of non-adjacent triplet having same color in G)}

Lemma 5.1 If §&,¢,,45,....,¢&, are the eigenvalues of the color matrix A.(G) of a

semigraph G(V, E) of order n, having m edges, then

Y [i (tel) +m.
i=1

i=1

where m’, is the number of pairs of non-adjacent vertices receiving the same color
and |e;| is the number of vertices in the edge e; € E.

Proof: Consider
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As A.(G) is a symmetric matrix

i=1

i=1j=1
n
, 2
i.e. = ZZ(aij) + Z(aii)z
i<j i=1

=2 [Z (Iezil) +m,

n
Since, Z(aii)z =0
i=1

Lemma 5.2 Let G(V, E) be a colored semigraph having n vertices and m edges. If |e;|

is the number of vertices in the edge e; € E, then

(i (lezil) + m'c> >m.

i=1

Equality holds when G is a graph.

Proof: Clearly, for a connected semigraph, |e;| = 2

Thus (Ieil)

m
i.e. Z(lezll) >m
m
Hence z (|€2i|) +m.=m

Lemma 5.3 Let G(V,E) be a connected semigraph having n vertices and m edges. If

le;| is the number of vertices in the edge e; € E , then

m
le:l
n<2 2( )
i=1
Proof: Clearly
n m m
n< Zdegevi =Z le;] < ZZ (|€2i|)
i=1 i=1 i=1
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Theorem 5.2 If the energy of a colored semigraph is a rational number, then it must

be an even positive integer.

Proof: (Following Theorem 2.12 in [7])
If &,&6,&,.... ... , &y are color eigenvalues of A.(G), the adjacency matrix of a

semigraph G(V, E) of order n then,

Trace of |A.(G)] =0 = z ¢,
i=1

of these eigenvalues, &;,¢&,,¢5,........ , &, are positive and the rest non-positive.

Thus, we have

Ee(6) = iw
i=1

=G+t +&) = Grer H &gt +$n)
=206+ &+ +&)

The sum & + &, +&+..... +¢, is an algebraic integer as &;, &, &3,...,&, are
algebraic integers. Hence 2(&; + &,+....+&,) must be an even positive integer if

E.(G) is rational.

5.4 Bounds for color energy of a semigraph:

Theorem 5.3 Let G(V,E) be a colored semigraph having n vertices and m edges.

Then

E.(G)< |2n <i (";') + m'c>

=1

where m', is the number of pairs of non-adjacent vertices in G receiving the same
color.

Proof: The color matrix of a semigraph A.(G) is symmetric and hence its color
eigenvalues are real and can be ordered as & =&, > & >..... > &,. Appling the

Cauchy-Schwarz inequality, we have
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2 2

S <5 )

i=1 i=1 i=1

2

Substituting u; = 1, v; = |§;| in the above inequality and by Lemma 5.1, we have

[E(G)T* = (Zlfl ) < n(ZlfJZ) = "Z § = 2n (Z (teh) +m’c)
Hence, E.(G) < |2n (i (";') + m'c> .

i=1

Theorem 5.4 Let G(V,E) be a colored semigraph having » vertices and m edges,
and let m’, be the number of pairs of non-adjacent vertices receiving the same color.

Then

m

E.(G) = |2 (Z (|32i|) + m'c> +n(n — 1)A2/n where A = |detA.(G)|.
i=1

Proof: In view of Definition 5.1 and Lemma 5.1 we have,

[ (6 (Zlfl )
Zfl AL

i#j

By applying AM > GM, we have

e el = ele

I#] i#j

={] Jrere

i#j

={] ]

i#j

1/n(n—l)

IV

1/n(n—l)

— Az/n
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i.e. ZIEiI |€j| >n(n— 1)A2/n

i#j

Thus, [EOF 2 ) &2 +n(n— 14
i=1

= 2< N (Izil) + m’c> +n(n—1)A%n
i=1

Therefore E.(G)= |2 <Z (Izil) + m'c> +n(n —1)4°n

i=1

Theorem 5.5 Let G(V,E) be a colored semigraph of order » and size m. Let the color

eigenvalues of A.(G)be & =& =& >........ > &,. Then

E(G) <l + (= 1) [2 (Z (ted)+ m’c> - ff]

i=1

where m',. is the number of pairs of non-adjacent vertices in G receiving the same

color.

Proof: Leté; =&, >& >........ > &, be the color eigenvalues of A;(G). Appling the
Cauchy-Schwarz inequality on to vectors (|¢,], [¢5], ..., &, ) and (1,1,...,1) withn — 1

entries,

(Zm)z <(m-1 @w)
e, <Z|a|> < -1 (iw)

i=2

Le. ;Ifil —1&l=s [((n-1) (-=2 fiz)

1

By Definition 5.1 and Lemma 5.1., we have
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E@) <16l + |(-1) [z (Z ("1 +m'c> —ff]

1

Theorem 5.6 Let G(V,E) be a colored semigraph of order n and size m. Let &,,,, be

the largest absolute value of a color eigenvalue. Then

2[sity () +m]

fmax

E.(G) >

where m', is the number of pairs of non-adjacent vertices in G receiving the same

color.

Proof: Let &,,,,, be the largest absolute value of the color eigenvalue of A.(G). Then
Emaxlfil = 612

n n
ThU.S, Z Emaxlfil = Z Elz
i=1 i=1

By Lemma 5.1 we get,

fmamel >2 [i (tel) + m.

[z, () + m'd

max

Hence, E.(G) =

Theorem 5.7 Let G(V, E) be a colored semigraph of order n, size m, and m'. be the

number of pairs of non-adjacent vertices in G receiving the same color. Then

2 (i (el + m’c> < E,(G) <2 (i (1) + m'c>

i=1 i=

Proof: Consider

[E(6)]? = (Zml)
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= i|fi|2 +Z|§i| €]
i1

i%)
= 1al2+2 Y 1| (5.1)
i=1 i<j

By Lemma 4.3 we have,

a, = (—1)? x Sum of all the 2 x 2 principal minors of A.(G)

= Z fifj

1<i<jsn
Therefore,
S ae- Yl
L vl L G G
1<i<jsn 1<i<jsn
= z (aiaj; — aija;:)
1<i<jsn

As color matrix A.(G) is symmetric, a;; = aj; and a;; = 0 Vi Thus,

Z §i§j=— Z a;jaj; = — Z (aij)2

1<i<jsn 1<i<jsn 1<i<jsn
m
__[S ) 4
- [Z(zl)+mC
i=1
We know that,
DIElIg = 1) &gl
i<j i<j
m
Thus Digdigl=1) (19 +m (5.2)
i<j i=1

Using equation (5.1) and (5.2) and Lemma 5.1, we get
m
2 le;| ’
[E(6)? > 4|Zl( i)+

Taking positive square-root, we get

E.(G)>2 i ('ez”) +m, (5.3)

i=1

By Lemma 5.3 we have,
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m r ' m
Z |€L -;(lezil)‘}'m,c
r m
Thus 2n [Z (lezil)+m'C <4 Z(lezil)+m'c
i=1 i

Taking positive square-root, we get

jZn [i (lezil) +m'| <

i=1

Thus by using Theorem 5.3

Hence, from (5.3) and (5.4) we have

N e [m e
2 +m <E(G)<2 +m
jz 2%

1=

sk sk skosk
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