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Chapter 5 

 

COLOR ENERGY OF A SEMIGRAPH 

 

5.1 Introduction 

In chemical literature graphs are used to represent different chemical objects 

like molecules, reactions etc. It depicted a chemical system whose vertices are atoms, 

electrons, molecules, groups of atoms etc. and edges are bound between molecules, 

bounded and non-bonded interactions, elementary reaction steps etc. Molecular 

graphs are a special type of chemical graphs in which vertices are considered as 

individual atoms and edges as chemical bonds between them. Graph energy was first 

introduced by Serbian chemist and mathematician Ivan Gutman [22] in 1978 to 

approximate the total 𝜋-electron energy of a conjugate hydrocarbon as calculated by 

the Huckel molecular orbital (HMO) method in quantum chemistry. 

 

Adiga et al. [6] introduced the concept of graph coloring, color matrix, and its 

energy defined as follows:  

Let G be a vertex-colored graph of order n. Then the color matrix of G is the 

matrix 𝐴௖(𝐺) = (𝑎௜௝)௡×௡ for which 

          𝑎௜௝(𝑣௜ , 𝑣௝)     =  1      if 𝑣௜ and 𝑣௝  are adjacent, 

        = -1     if 𝑣௜ and 𝑣௝  are non-adjacent with 𝑐(𝑣௜) = 𝑐(𝑣௝), 

        =  0,     otherwise. 

Where  𝑐(𝑣௜) is the color of the vertex 𝑣௜ in G. The vertices of the graph G are 

colored so that two adjacent vertices always have different colors. 

 

The color energy of a graph G with respect to a given coloring is the sum of the 

absolute values of eigenvalues of the color matrix 𝐴௖(𝐺).  

 

Further Joshi and Joseph [34, 35] established some new bounds for the color 

energy of graphs. Motivated by the above-mentioned works, we got interested to 

develop the concepts on color energy of semigraphs.  
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A coloring of a semigraph 𝐺(𝑉, 𝐸) is an assignment of colors to its vertices, 

such that not all vertices in an edge are equally colored. A strong coloring of G is a 

coloring of vertices such that no two adjacent vertices are equally colored, whereas 

an e-coloring is a coloring of vertices such that no two adjacent end vertices of an 

edge are equally colored. As r-coloring (r-strong coloring, r-e-coloring) uses r 

colors, and partitions V into r respective color classes, each class consisting of 

vertices with the same color. The chromatic number 𝜒 = 𝜒(𝐺) of G is the minimum 

number of colors needed in any coloring of G. Similarly, we defined the strong 

chromatic number 𝜒௦ = 𝜒௦(𝐺), and the e-chromatic number 𝜒௘ = 𝜒௘(𝐺) of G. 

Clearly, a strong coloring is an e-coloring and an e-coloring is a coloring.  

 

5.2 Color matrix and color energy of semigraphs 

Definition 5.1   Color matrix and energy of a semigraph 

If 𝐺(𝑉, 𝐸) be a vertex-colored semigraph order n and size m where not all the 

vertices in an edge are colored equally. Denote by 𝑐(𝑣௜) the color of the vertex 𝑣௜. 

Then the color matrix of the semigraph 𝐴௖(𝐺) = (𝑎௜௝)௡×௡ 
is defined as  

          𝑎௜௝(𝑣௜, 𝑣௝)        = 1       if 𝑣௜ and 𝑣௝ are adjacent. 

         = -1     if 𝑣௜ and 𝑣௝ are non-adjacent with 𝑐(𝑣௜) = 𝑐(𝑣௝). 

         = 0,     otherwise. 

If 𝐴௖(𝐺) be color matrix of a colored semigraph G. Then its eigenvalues 

𝜉ଵ, 𝜉ଶ, . . . . , 𝜉௡ are called color eigenvalues. The color matrix 𝐴௖(𝐺) is symmetric and 

hence all of color eigenvalues are real. If the distinct color eigenvalues of 𝐴௖(𝐺) are  

𝜉ଵ > 𝜉ଶ >. . . . . > 𝜉௥,  𝑟 ≤ 𝑛 with their multiplicities  𝑚ଵ, 𝑚ଶ, . . . . , 𝑚௥ then we have  

𝑆𝑝𝑒𝑐௖𝐺 = ൬
𝜉ଵ

𝑚ଵ

𝜉ଶ

𝑚ଶ

. . .

. . .
𝜉௥

𝑚௥
൰ 

called the color spectrum of a semigraph. The color energy of semigraph G is defined 

as     𝛦௖(𝐺) = ∑ |𝜉௜|௡
௜ୀଵ

 
.  

 

This definition parallels the definition of the ordinary graph energy [22], and 

also of the color energy of a simple graph [6]. For a symmetric matrix, singular 

values are same as their eigenvalues. Therefore, the present definition of color 
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Figure 5.1   

energy 𝛦௖(𝐺) of semigraph is consistent with the energy of a semigraph [64], as well 

as with the definition of distance matrix and energy of a semigraph [51].  

 

Example 5.1 𝐺(𝑉, 𝑋) be a connected semigraph as shown in Figure 5.1, having 

vertex set  𝑉 = {1,2,3,4,5,6,7,8} with the minimum colors C1, C1, C2, C1, C2, C2, 

C1 and C2 respectively and edge set  𝑋 = {(1,2,3), (3,4), (4,5,6), (6,7,3), (7,8)}.  

 

 

 

 

 

 

 

 

Then, color matrix 𝐴௖(𝐺) of the semigraph 𝐺(𝑉, 𝑋) is     

 

                        𝐴௖(𝐺) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0 1 1 −1 0 0 −1 0
1 0 1 −1 0 0 −1 0
1 1 0 1 −1 1 1 −1

−1 −1 1 0 1 1 −1 0
0 0 −1 1 0 1 0 −1
0 0 1 1 1 0 1 −1

−1 −1 1 −1 0 1 0 1
0 0 −1 0 −1 −1 1 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

    

 

 

5.3 Fundamental properties of color energy of semigraphs: 

Suppose that 𝐺(𝑉, 𝐸) is a vertex-colored semigraph of order n, and having m 

edges. Let 𝐴௖(𝐺) be the adjacency matrix with respect to a given coloring of 𝐺(𝑉, 𝐸). 

Consider the characteristic polynomial of 𝐴௖(𝐺), 

          𝑃௖(𝐺, 𝜉) = 𝑑𝑒𝑡(𝜉𝐼 − 𝐴௖(𝐺)) = 𝑎଴𝜉௡ + 𝑎ଵ𝜉௡ିଵ + 𝑎ଶ𝜉௡ିଶ+. . . . . . . +𝑎௡. 

 

Theorem 5.1 Using the notations given above, we have  

 (𝑎)        𝑎଴ = 1 

 (𝑏)        𝑎ଵ = 0 
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(𝒄)      𝒂𝟐 = − ෍ ቀ
|e୧|
𝟐

ቁ −

𝐦

𝐢ୀ𝟏

 (Number of pairs of non − adjacent vertices receiving the   

                   same color in 𝐺 ) 

(𝑑)     𝑎ଷ = −2{(Number of triangles of G) + (No of triplet of which two adjacent 

vertices with same color) – (No of triplet of which two non-adjacent vertices with 

same color) – (Number of non-adjacent triplet having same color in G)}. 

 

Proof: (a) It is clear from the definition of the characteristic polynomial of  𝐴௖(𝐺).  

i.e.  𝑃௖(𝐺, 𝜉) = 𝑑𝑒𝑡(𝜉𝐼 − 𝐴௖(𝐺))  , that  𝑎଴ = 1 
(b) Since the diagonal elements of 𝐴௖(𝐺) are all zeros, 𝑎ଵ = 0 

(c) (−1)ଶ𝑎ଶ = Sum of all the 2 × 2 principal minors of  𝐴௖(𝐺) 

= ෍ ቚ
𝑎௜௜ 𝑎௜௝

𝑎௝௜ 𝑎௝௝
ቚ

ଵஸ௜ழ௝ஸ௡

= ෍ ൫𝑎௜௜𝑎௝௝ − 𝑎௜௝𝑎௝௜൯

ଵஸ௜ழ௝ஸ௡

= − ෍ 𝑎ଶ
௜௝

ଵஸ௜ழ௝ஸ௡

 

𝒊. 𝒆.      𝒂𝟐 = − ෍ ቀ
|𝑒௜|
𝟐

ቁ −

𝒎

𝒊ୀ𝟏

Number of pairs of non

− adjacent vertices receiving the same  

                                        color in G.  

(d) 𝑎ଷ = (−1)ଷ Sum of all the 3 × 3 principal minors of 𝐴௖(𝐺) 

= (−1)ଷ ෍ อ

𝑎௜௜ 𝑎௜௝ 𝑎௜௞

𝑎௝௜ 𝑎௝௝ 𝑎௝௞

𝑎௞௜ 𝑎௞௝ 𝑎௞௞

อ

ଵஸ௜ழ௝ழ௞ஸ௡

= −2 ෍ 𝑎௜௝ 𝑎௝௞ 𝑎௞௜ 

 −2{(Number of triangles of G) + (No of triplet of which two adjacent vertices 

with same color) – (No of triplet of which two non-adjacent vertices with same 

color) – (Number of non-adjacent triplet having same color in G)}  

 

Lemma 5.1 If  𝜉ଵ, 𝜉ଶ, 𝜉ଷ, . . . . , 𝜉௡ are the eigenvalues of the color matrix 𝐴௖(𝐺) of a 

semigraph 𝐺(𝑉, 𝐸) of order n, having m edges, then 

෍ 𝝃𝒊
𝟐

𝒏

𝒊ୀ𝟏

= 𝟐 ൥෍ ቀ
|𝑒𝑖|
𝟐

ቁ + 𝒎′
𝒄

𝒎

𝒊ୀ𝟏

൩ 

where 𝑚ඁ
௖ is the number of pairs of non-adjacent vertices receiving the same color 

and |𝑒௜|
 
is the number of vertices in the edge  𝑒௜ ∈ 𝐸. 

Proof:     Consider     
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෍ 𝝃𝒊
𝟐

𝒏

𝒊ୀ𝟏

= ෍൫𝑨𝒄
𝟐൯

𝒊𝒊

𝒏

𝒊ୀ𝟏

= ෍ ෍ 𝒂𝒊𝒋

𝒏

𝒋ୀ𝟏

𝒏

𝒊ୀ𝟏

𝒂𝒋𝒊 

As 𝐴௖(𝐺) is a symmetric matrix 

                            ෍ 𝝃𝒊
𝟐

𝒏

𝒊ୀ𝟏

= ෍ ෍ 𝒂𝒊𝒋
𝟐

𝒏

𝒋ୀ𝟏

𝒏

𝒊ୀ𝟏

 

𝑖. 𝑒.                                 = 𝟐 ෍൫𝒂𝒊𝒋൯
𝟐

𝒊ழ௝

+ ෍(𝒂𝒊𝒊)
𝟐

𝒏

𝒊ୀ𝟏

 

= 2 ൥෍ ቀ
|𝑒𝑖|
𝟐

ቁ

௠

௜ିଵ

+ 𝑚′
௖൩                  𝑆𝑖𝑛𝑐𝑒,    ෍(𝒂𝒊𝒊)

𝟐 = 𝟎

𝒏

𝒊ୀ𝟏

 

 

Lemma 5.2 Let 𝐺(𝑉, 𝐸) be a colored semigraph having n vertices and m edges. If |𝑒௜| 

is the number of vertices in the edge 𝑒௜ ∈ 𝐸, then   

൭෍ ቀ
|𝑒𝑖|
𝟐

ቁ + 𝒎′
𝒄

𝒎

𝒊ୀ𝟏

൱ ≥ 𝒎 . 

Equality holds when G is a graph.  
                                          

    
 

Proof: Clearly, for a connected semigraph,  |𝑒௜| ≥ 2
 
    

Thus                                 ቀ|𝑒௜|
𝟐

ቁ ≥ 1
  

𝑖. 𝑒.                                                ෍ ቀ
|𝑒𝑖|
𝟐

ቁ

𝑚

𝑖=1

≥ 𝑚
 

Hence                               ෍ ቀ
|𝑒𝑖|
𝟐

ቁ + 𝑚ඁ
𝑐

𝑚

𝑖=1

≥ 𝑚 

 

Lemma 5.3 Let 𝐺(𝑉, 𝐸) be a connected semigraph having n vertices and m edges. If 

|𝑒௜| is the number of vertices in the edge  𝑒௜ ∈ 𝐸 , then   

𝒏 ≤ 𝟐 ෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

 

Proof:   Clearly 
   

𝒏 ≤ ෍ 𝑑𝑒𝑔௘ 𝒗𝒊 =

𝒏

𝒊ୀ𝟏

෍ |𝒆𝒊|

𝒎

𝒊ୀ𝟏

≤ 𝟐 ෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏
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Theorem 5.2  If the energy of a colored semigraph is a rational number, then it must 

be an even positive integer. 

 

Proof: (Following Theorem 2.12 in [7])  

If  𝜉ଵ, 𝜉ଶ, 𝜉ଷ, . . . . . . . . , 𝜉௡ are color eigenvalues of 𝐴௖(𝐺), the adjacency matrix of a 

semigraph 𝐺(𝑉, 𝐸) of order n then,  

𝑇𝑟𝑎𝑐𝑒 𝑜𝑓 |𝐴𝑐(𝐺)| = 0 = ෍ 𝜉
𝑖

𝑛

𝑖=1

 

of these eigenvalues, 𝜉ଵ, 𝜉ଶ, 𝜉ଷ, . . . . . . . . , 𝜉௥ are positive and the rest non-positive.  

Thus, we have         

                                       𝐸௖(𝐺) = ෍|𝜉௜|

௡

௜ୀଵ

 

       = (𝜉ଵ + 𝜉ଶ+. . . . . . . . . +𝜉௥) − (𝜉௥ାଵ + 𝜉௥ାଶ+. . . . . . . +𝜉௡) 

       = 2(𝜉ଵ + 𝜉ଶ+. . . . . . . . . +𝜉௥) 
 

The sum  𝜉ଵ + 𝜉ଶ + 𝜉ଷ+. . . . . +𝜉௥ is an algebraic integer as 𝜉ଵ,  𝜉ଶ,  𝜉ଷ, . . . , 𝜉௥ are 

algebraic integers. Hence 2(𝜉ଵ + 𝜉ଶ+. . . . +𝜉௥) must be an even positive integer if 

𝐸௖(𝐺) is rational.  

 

5.4 Bounds for color energy of a semigraph: 

Theorem 5.3   Let 𝐺(𝑉, 𝐸) be a colored semigraph having n vertices and m edges. 

Then  

𝐸௖(𝐺) ≤ ඩ2𝑛 ൭෍ ቀ
|𝑒𝑖|

2
ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ 

where 𝑚ඁ
௖ is the number of pairs of non-adjacent vertices in G receiving the same 

color. 

Proof: The color matrix of a semigraph 𝐴௖(𝐺) is symmetric and hence its color 

eigenvalues are real and can be ordered as 𝜉ଵ ≥ 𝜉ଶ ≥ 𝜉ଷ ≥. . . . . ≥ 𝜉௡. Appling the 

Cauchy-Schwarz inequality, we have  
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൭෍ 𝑢௜𝑣௜

௡

௜ୀଵ

൱

ଶ

≤ ൭෍ 𝑢௜

௡

௜ୀଵ

൱

ଶ

൭෍ 𝑣௜

௡

௜ୀଵ

൱

ଶ

 
Substituting 𝑢௜ = 1 , 𝑣௜ = |𝜉௜| in the above inequality and by Lemma 5.1, we have 

[𝐸௖(𝐺)]ଶ = ൭෍|𝜉௜|

௡

௜ୀଵ

൱

ଶ

≤ 𝑛 ൭෍|𝜉௜|
ଶ

௡

௜ୀଵ

൱ = 𝑛 ෍ 𝜉௜
ଶ

௡

௜ୀଵ

= 2𝑛 ൭෍ ቀ
|𝑒𝑖|

2
ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ 

Hence,                            𝐸௖(𝐺) ≤ ඩ2𝑛 ൭෍ ቀ
|𝑒𝑖|

2
ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ . 

 

Theorem 5.4   Let 𝐺(𝑉, 𝐸) be a colored semigraph having n vertices and m edges, 

and let 𝑚ඁ
௖ be the number of pairs of non-adjacent vertices receiving the same color. 

Then  

𝐸௖(𝐺) ≥ ඩ2 ൭෍ ቀ
|𝑒𝑖|

2
ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ + 𝑛(𝑛 − 1)𝛥

ଶ
௡ൗ          𝑤ℎ𝑒𝑟𝑒  𝛥 = |𝑑𝑒𝑡𝐴𝑐( 𝐺)|. 

Proof: In view of Definition 5.1 and Lemma 5.1 we have, 

[𝐸௖(𝐺)]ଶ = ൭෍|𝜉௜|

௡

௜ୀଵ

൱

ଶ

 

                  = ෍ 𝜉௜
ଶ

௡

௜ୀଵ

+ ෍|𝜉௜|

௜ஷ௝

ห𝜉௝ห 

By applying 𝐴𝑀 ≥ 𝐺𝑀, we have 

1

𝑛(𝑛 − 1)
෍|𝜉௜|

௜ஷ௝

ห𝜉௝ห ≥ ቌෑ|𝜉௜|ห𝜉௝ห

௜ஷ௝

ቍ

ଵ
௡(௡ିଵ)ൗ

 

                                       = ቌෑ|𝜉௜|
ଶ(௡ିଵ)

௜ஷ௝

ቍ

ଵ
௡(௡ିଵ)ൗ

 

                                       = ቌෑ|𝜉௜|

௜ஷ௝

ቍ

ଶ
௡ൗ

 

                                       = 𝛥
ଶ

௡ൗ
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𝑖. 𝑒.           ෍|𝜉௜|

௜ஷ௝

ห𝜉௝ห ≥ 𝑛(𝑛 − 1)𝛥
ଶ

௡ൗ  

Thus,                     [𝐸௖(𝐺)]ଶ ≥ ෍ 𝜉௜
ଶ

௡

௜ୀଵ

+ 𝑛(𝑛 − 1)𝛥
ଶ

௡ൗ  

               = 2 ൭෍ ቀ
|𝑒𝑖|

2
ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ + 𝑛(𝑛 − 1)𝛥

ଶ
௡ൗ

 

Therefore                𝐸௖(𝐺) ≥ ඩ2 ൭෍ ቀ
|𝑒𝑖|

2
ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ + 𝑛(𝑛 − 1)𝛥

ଶ
௡ൗ

 

 

Theorem 5.5  Let 𝐺(𝑉, 𝐸) be a colored semigraph of order n and size m. Let the color 

eigenvalues of 𝐴௖(𝐺) be 𝜉ଵ ≥ 𝜉ଶ ≥ 𝜉ଷ ≥. . . . . . . . ≥ 𝜉௡. Then 

𝐸௖(𝐺) ≤ |𝜉ଵ| + ඩ(𝑛 − 1) ൥2 ൭෍ ቀ
|𝑒𝑖|

2
ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ − 𝜉ଵ

ଶ൩ 

where 𝑚ඁ
௖ is the number of pairs of non-adjacent vertices in G receiving the same 

color.  
 

Proof: Let 𝜉ଵ ≥ 𝜉ଶ ≥ 𝜉ଷ ≥. . . . . . . . ≥ 𝜉௡ be the color eigenvalues of 𝐴஼(𝐺). Appling the 

Cauchy-Schwarz inequality on to vectors (|𝜉ଶ|, |𝜉ଷ|, . . . , |𝜉௡|) and (1,1, . . . ,1) with 𝑛 − 1 

entries,  

൭෍|𝜉௜|

௡

௜ୀଶ

൱

ଶ

≤ (𝑛 − 1) ൭෍|𝜉௜|
ଶ

௡

௜ୀଶ

൱

 

i. e.                                           ൭෍|𝜉௜|

௡

௜ୀଶ

൱ ≤ ඩ(𝑛 − 1) ൭෍|𝜉௜|
ଶ

௡

௜ୀଶ

൱

 

i. e.                                    ෍|𝜉௜|

௡

௜ୀଵ

− |𝜉ଵ| ≤ ඩ(𝑛 − 1) ൭෍ 𝜉௜
ଶ

௡

௜ୀଶ

൱

 

By Definition 5.1 and Lemma 5.1., we have 
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𝐸௖(𝐺) ≤ |𝜉ଵ| + ඩ(𝑛 − 1) ൥2 ൭෍ ቀ
|𝑒𝑖|

2
ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ − 𝜉ଵ

ଶ൩ 

 

Theorem 5.6  Let 𝐺(𝑉, 𝐸) be a colored semigraph of order n and size m. Let 𝜉௠௔௫ be 

the largest absolute value of a color eigenvalue. Then 

𝑬𝒄(𝑮) ≥
𝟐 ቂ∑ ቀ

|𝑒𝑖|
𝟐

ቁ + 𝒎′
𝒄

𝒎
𝒊ୀ𝟏 ቃ

𝜉௠௔௫
 

where 𝑚ඁ
௖ is the number of pairs of non-adjacent vertices in G receiving the same 

color. 

 

Proof: Let 𝜉௠௔௫ be the largest absolute value of the color eigenvalue of 𝐴௖(𝐺). Then 

𝝃௠௔௫|𝝃𝒊| ≥ 𝝃𝒊
𝟐
 

Thus,                                               ෍ 𝝃௠௔௫|𝝃𝒊|

𝒏

𝒊ୀ𝟏

≥ ෍ 𝝃𝒊
𝟐

𝒏

𝒊ୀ𝟏

 

By Lemma 5.1 we get, 

𝜉௠௔௫ ෍|𝝃𝒊|

𝒏

𝒊ୀ𝟏

≥ 𝟐 ൥෍ ቀ
|𝑒𝑖|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

+ 𝒎′
𝒄൩ 

Hence,                                           𝑬𝒄(𝑮) ≥
𝟐 ቂ∑ ቀ

|𝑒𝑖|
𝟐

ቁ𝒎
𝒊ୀ𝟏 + 𝒎′

𝒄ቃ

𝝃௠௔௫
 

 

Theorem 5.7 Let 𝐺(𝑉, 𝐸) be a colored semigraph of order n, size m, and 𝑚ඁ
௖ be the 

number of pairs of non-adjacent vertices in G receiving the same color. Then 

2ඩ൭෍ ቀ
|𝑒𝑖|

2
ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ ≤ 𝐸௖(𝐺) ≤ 2 ൭෍ ቀ

|𝑒𝑖|
2

ቁ

௠

௜ୀଵ

+ 𝑚′
௖൱ 

Proof:   Consider                 

[𝐸௖(𝐺)]ଶ = ൭෍|𝜉௜|

௡

௜ୀଵ

൱

ଶ
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                                      = ෍|𝜉௜|
ଶ

௡

௜ୀଵ

+ ෍|𝜉௜|

௜ஷ௝

ห𝜉௝ห

 

 = ෍|𝜉௜|
ଶ

௡

௜ୀଵ

+ 2 ෍|𝜉௜|

௜ழ௝

ห𝜉௝ห                        (𝟓. 𝟏) 

By Lemma 4.3 we have, 

𝑎ଶ = (−1)ଶ × Sum of all the 2 × 2 principal minors of  𝐴௖(𝐺) 

      = ෍ 𝜉௜𝜉௝

ଵஸ௜ழ௝ஸ௡

 

Therefore,  

                   ෍ 𝜉௜𝜉௝

ଵஸ௜ழ௝ஸ௡

= ෍ ቚ
𝑎௜௜ 𝑎௜௝

𝑎௝௜ 𝑎௝௝
ቚ

ଵஸ௜ழ௝ஸ௡  

                                          = ෍ ൫𝑎௜௜𝑎௝௝ − 𝑎௜௝𝑎௝௜൯

ଵஸ௜ழ௝ஸ௡
 

As color matrix 𝐴௖(𝐺) is symmetric, 𝑎௜௝ = 𝑎௝௜  and 𝑎௜௜ = 0   ∀ 𝑖 Thus, 

                    ෍ 𝜉௜𝜉௝ = − ෍ 𝑎௜௝𝑎௝௜

ଵஸ௜ழ௝ஸ௡ଵஸ௜ழ௝ஸ௡

= − ෍ ൫𝑎௜௝൯
ଶ

ଵஸ௜ழ௝ஸ௡

 

                              = − ൥෍ ቀ
|𝑒௜|
𝟐

ቁ + 𝒎ඁ
𝒄

𝒎

𝒊ୀ𝟏

൩ 

We know that,              

෍ |𝝃𝒊|

𝒊ழ௝

|𝝃𝒋| ≥ | ෍ 𝝃𝒊𝝃𝒋

𝒊ழ௝

|      

Thus                                           ෍ |𝝃𝒊|

𝒊ழ௝

|𝝃𝒋| ≥ | ෍ ቀ
|𝑒𝑖|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

+ 𝒎′
𝒄|                               (𝟓. 𝟐) 

Using equation (5.1) and (5.2) and Lemma 5.1, we get 

[𝑬𝒄(𝑮)]𝟐 ≥ 𝟒| ෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

+ 𝒎ඁ
𝒄|

 
Taking positive square-root, we get

                                              

𝑬𝒄(𝑮) ≥ 𝟐ඩ෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

+ 𝒎ඁ
𝒄                                                (𝟓. 𝟑)

 

By Lemma 5.3 we have,     
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𝒏 ≤ 𝟐 ෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

≤ 𝟐 ൥෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

+ 𝒎ඁ
𝒄൩

 

Thus                       2𝒏 ൥෍ ቀ
|𝑒𝑖|
𝟐

ቁ

𝒎

𝒊=𝟏

+ 𝒎ඁ
𝒄൩ ≤ 𝟒 ൥෍ ቀ

|𝑒𝑖|
𝟐

ቁ + 𝒎ඁ
𝒄

𝒎

𝒊=𝟏

൩

𝟐

 

Taking positive square-root, we get
                                              

ඩ𝟐𝒏 ൥෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

+ 𝒎ඁ൩ ≤ 𝟐 ൥෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

+ 𝒎ඁ
𝒄൩ 

Thus by using Theorem 5.3  

𝑬𝒄(𝑮) ≤ 𝟐 ൥෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

+ 𝒎ඁ
𝒄൩                                                 (𝟓. 𝟒) 

Hence, from (5.3) and (5.4) we have   

𝟐ඩ෍ ቀ
|𝑒௜|
𝟐

ቁ + 𝒎ඁ
𝒄

𝒎

𝒊ୀ𝟏

≤ 𝑬𝒄(𝑮) ≤ 𝟐 ൥෍ ቀ
|𝑒௜|
𝟐

ቁ

𝒎

𝒊ୀ𝟏

+ 𝒎ඁ
𝒄൩ 
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