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Introduction

some theorems on fuzzy interior and fuzzy closure of fuzzy

Fuzzy set theory was discovered by Zadeh in 1965. Chang
(1968) introduced fuzzy topology. After the introduction of
fuzzy sets and fuzzy topology, several researches were
conducted on the generalisations of the notions of fuzzy sets
and fuzzy topology. The theory of fuzzy sets actually has
been a generalisation of the classical theory of sets in the
sense that the theory of sets should have been a special case
of the theory of fuzzy sets. But unfortunately, it has been
accepted that for fuzzy set A and its complement A, neither
A N AS is empty nor A U AS is the universal set. Whereas
the operations of union and intersection of crisp sets are
indeed special cases of the corresponding operation of two
fuzzy sets, they end up giving peculiar results while
defining A N A and A U AS. In this regard, Baruah (1999,
2011a, 2011b) has forwarded an extended definition of
fuzzy sets which enable us to define complement of fuzzy
sets in a way that give us A N A® is empty and A U A is
universal set.

In this article, we introduce definition of fuzzy topology,
fuzzy open set, fuzzy closed set, fuzzy interior, fuzzy
closure of fuzzy set in fuzzy topology with the help of
extended definition of fuzzy sets. Also, we try to prove
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topology with the help of extended definition of fuzzy sets
and complement of a fuzzy set.

2 Preliminaries
2.1 Extended definition of fuzzy set

Baruah (1999, 2011a, 2011b) gave an extended definition of
fuzzy set. According to Baruah (1999, 2011a, 2011b), to
define a fuzzy set, two functions namely fuzzy membership
function and fuzzy reference function are necessary. Fuzzy
membership value is the difference between fuzzy
membership function and fuzzy reference function.

Let p(x) and py(x) be two functions such that 0 < p(x)
< w(x) < 1. For fuzzy number denoted by {x, ux(x), pi(x);
x € U}, we call py(x) as fuzzy membership function and
ui(x) a reference function such that (uy(x) — pi(x)) is the
fuzzy membership value for any x.

2.2 Basic operations

Let A = {x, ni(x), pa(x); x € U} and B = {x, pu3(x), na(x);
x € U} be two fuzzy sets defined over the same universe U.
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1 AcBiff u(x) < ps(x) and pg(x) < pa(x) forall x € U.

2 AUB={x, max(u(x), ps(x)), min(s(x), wy(x))} for
allx € U.

3 AN B={x, min(u(x), p5(x)), max(ua(x), pe(x))} for
all x € U. If for some x € U, min(p(x), p3(x)) <
max(p,(X), Ha(x))}, then our conclusion will be
AnNnB=4¢.

4 A= {x, 1(x), pa(x); x € UYC = {x, pu(x), 0; x € U} U
{x, I, p(x); x € U}.

5 IfD={x, w(x), 0; x € U} then D = {x, 1, p(x);
x € U} forallx € U.

3 Propositions on extended definition of fuzzy set

1 For fuzzy sets A, B, and C over the same universe X,
we have the following propositions:
a AcB,BcC=AcC
b ANnBcA AnBcB
¢ AcAUB,BcAUB
d AcB=>AnNnB=A
e AcB=AuUB=B.
2 Lett= {A;: 1 € I} be a collection of fuzzy sets over the
same universe U. Then

a  UA; = {x, max(p;), min(ny; ); x € U}

b UA; = {x, min(u;;), max(p,; ); x € U}
c {UAi}C =NAS

¢ a )y

4 Fuzzy topology
4.1 Definition of fuzzy topology

A fuzzy topology on a non-empty set X is a family t of
fuzzy set in X satisfying the following axioms

A fuzzy topology on a non-empty set X is a family 1 of
fuzzy set in X satisfying the following axioms:

T1 Ox, lx (S
T2 GinGyer, forany G, Gy et
T3 U G; € 1, for any arbitrary family {G;: G; € 1,1 € I}.

In this case, the pair (X, t) is called a fuzzy topological
space and any fuzzy set in T is known as fuzzy open set in X
and clearly every element of ° is said to be closed set.

Here, 1, = {x, 1, 0; x € X} and Ox = {x, u(x), p(x);
x € X}.

Example:
Let X = {a, b}

Let A = {(a, 0.5, 0), (b, 0.6, 0)}, B = {(a, 0.8, 0),
(b,0.7,0)}.

Then the family = {0y, 1x, A, B} is fuzzy topology, here
1I,=1{x,1,0;x € X} and Ox = {x, 0, 0; x € X}.

4.2 Definition of fuzzy co topology

A fuzzy co topology on a non-empty set X is a family 6 of
fuzzy set in X satisfying the following axioms

T1 Ox, 1X € o
T2 G,UG;, €9, forany G|, G, € §
T3 N G;j € 9, for any arbitrary family {G;: G; € 9,1 € I}.

In this case, the pair (X, 6) is called a fuzzy topological
space and any fuzzy set in d is known as fuzzy closed set in
X and clearly every element of 3 is said to be open set.

5 Fuzzy interior and fuzzy closure of a fuzzy set
5.1 Definition of fuzzy interior

Let (X, 1) be fuzzy topology also A={x, pa(x), va(x);
x € X} be fuzzy set on X.

Then interior of a fuzzy set A is defined as union of all
open subsets contained in A, denoted it as int(A) and is
defined as follows:

Int(A) = U{P : Pis open set in X and P < A}
= {x, max (Wia ), min(yia ); X € X}.

5.2 Definition of fuzzy closure

Let (X, 1) be fuzzy topology also A = {x, pa(x), ya(x);
x € X} be fuzzy set on X.

Then, closure of a fuzzy set A is defined as the
intersection of all the closed subsets containing A, denoted
it as cl(A) and is defined as follows:

CI(A)=N{Q:Qisopensetin Xand A c Q}
= {X, min(piA), max(yiA); X € X}.

6 Theorem on fuzzy interior and fuzzy closure
Let (X, t) be fuzzy topology, then

7.1 Int(1lx) = 1x, int(0x) = Ox

7.2 cl(1x) = 1x, cl(0x) = 0x

7.3 int(A)c A

74 A ccl(A)

7.5 Int(int(A)) = int(A)

7.6 cl(cl(A)) =cl(A)

7.7 A cB=int(A) c int(B)

7.8 AcB=cl(A)ccl(B)
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7.9 Int(A N B)=Int(A) M int(B)
7.10 cl(A U B) = cl(A) U cl(B)

Proof: The proof of the Theorems 7.1, 7.2,7.3,7.4,7.5, 7.6,
7.7 and 7.8 are comes from the definition of interior and
closure of a fuzzy topology.

Let A = {X, pa(x), ya(x); x € X} and B = {x, pp(x),
ve(X); x € X} be two fuzzy sets.

Proof of Theorem 7.9: We have int(A) = {x, max([i(x)),
min(y5(0); x € X} and int(B) = {x, max(up(x)),
min(yg;(x)); x € X}.

AnB=
{x, min(uA (x), up (x)), max(yA (x), v (x)); X € X}

So we have

Int(AmB)zu{ X, min (pai (x), mai (%)), }

max (v (x), ygi(x)); x € X

Now clearly int(A N B) < int(A) and int(A N B) < int(B)
so int(A N B) < int(A) N int(B).

Also from Theorem 7.3, we have Int(A) N int(B)
A NB.

Also from Theorem 7.5, we have Int(A) M int(B)
int(Int(A) N int(B)) < int(A N B).

Hence, int(A N B) = int(A) N int(B).

IN

Proof of Theorem 7.10: Similarly, we can prove following
prove of the Theorem 7.9.

7 Theorems on relation between fuzzy interior
and fuzzy closure

Let (X, 1) be fuzzy topology and A = {x, wi(x), yi(x); x € X}
be any fuzzy set, then

a  (int(A)° =cl(A°)
b Int(AS) = (cl(A))©
¢ Int(A)=(cl(A%))"
d ClI(A) = (int(A))".
Proof:

a  Given fuzzy set is A ={x, pi(x), 7i(x); x € X}, so
int(A) = {x, max(;(x)), min(y;(x)); x € X}.

Now

(int(A))C = {x, max (i (x)), min(y;(x)); x € X}C
= {x, min(yi (x)), 0;x e X}
u{x, 1, max (i (x)); x € X}

And A = {x,7(x), 0 x € X} U {x, 1, pi(x); x € X}.

So cl(A%) = {x, min(yi(x)), 0; x € X} U {x, 1,
max(pi(x)); x € X}.

Thus, (int(A))" = cl(A%).

We have A= {x, 1:(%), 0; x € X} U {x, 1, w(x);
X € X}.

So int(A) = {x, max(y(x)), 0; x € X} U {x, 1, min
(ni(x)); x € X}.
Also, cl(A) = {x, min(p;(x)), max(y,(x)); x € X}.
(cl(A))C = {{x, max(yi(x)), 0,xe X}

u{x, 1, min(p;(x)); x € X}}C
Hence, Int(A) = (cl(A))°.

We have A ={x, ni(x), vi(x); x € X}, so int(A) =
{x, max(pi(x)), min (yj(x)); x € X}.

Also, A = {x, 1i(x), 0; x € X} U {x, |, pi(x); x € X}.

So cl(A%) = {x, min(y(x)), 0; x € X} U {x, 1,
max(p;(x)); x € X}.

{cl(AcC )}C = {{x, min(yi(x)), 0; x € X}
u{x, 1, max(ui (x)), X € X}}C
= {x, min(yi(x)), 0;x € X}c
r\{x, 1, max (pi(x)); x € X}C
= {x, 1, min(yi(x)); X € X}
r\{x, max (ui(x)), 0;x € X}
= {x, max (i (x)), min (7i(x)); x € X}
Hence, Int(A) = (d(A%))".
cl(A) = {x, min(pi(x)), max(yi(x)); x € Xj.
Also, A° = {x, 1i(x), 0; x € X} U {x, I, pi(x); x € X}.

And int(A°) = {x, max(y(x)), 0; x € X} U {x, 1,
min(pi(x)); x € X}.

(int (A©))" = {{x, max(v(x)), 0; x € X}
Ufx, 1, min (i (x)); x € X}}°
= {x, max (yi(x)), 0; x € X}C
~{x, 1, min (1 (x)), x € X}
={x,1, max (yi(x)), x € X}
A{x, min (p;(x)), 0; x € X}
= {x, min (i (x)), max (vi (x)); x € x.

Hence, CI(A) = (int(A%))".



Fuzzy interior and fuzzy closure of fuzzy set with extended definition of fuzzy set 97

8 Conclusions

We have seen that in articles (Baruah, 2011b) that if a fuzzy
set is characterised with respect to a reference function, we
can define the complement of a fuzzy set in its actual
perspective. As for the definition using a reference function,
we are clear that the original definition is sufficient for
fuzzy arithmetic. However, from original definition A N A®
= ¢ does not follow. From Baruah’s (1999, 2011a, 2011b)
definition of complement of a fuzzy set, we can remove this
difficulty. So in this article, we tried to remove this
difficulty by applying Baruah’s (1999, 2011a, 2011b)
definition of fuzzy set and Baruah’s definition of
complement of a fuzzy set to give the definitions of fuzzy
topology, interior and closure of fuzzy topology and to
prove some theorems on interior and closure of fuzzy

topology.
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