CHAPTERS

Fuzzy Boundary on the Basis of Reference Function

5.1INTRODUCTION

After introduction of fuzzy sets by Zadeh’s [86]n&hg [20] defined and studied the notion of a
fuzzy topological space in 1968. Since then, mutdn#don has been paid to generalize the basic
concepts of classical topology in fuzzy setting #mas a modern theory of fuzzy topology has
been developed. Though Pu and Liu [74] defined rnb&on of fuzzy boundary in fuzzy
topological spaces in 1980, yet there is veryelithork available on this notion in present
literature. Subsequently, Pu and Liu [74] haverdsdifuzzy boundary as a generalization of the
crisp boundary in general topology. One reasomy ialia, of Tong [81] use of a limited version
of Chang’'s fuzzy topological space was the non lalbgity of sufficient material about

properties of fuzzy boundary.

The results discussed in this chapter have puldishinternational Journals
1. B. Basumatary, Towards Forming the Field of FuzgsGre with Reference to Fuzzy BoundalPMNT, Vol. 4,
No.1, pp30-34.
2. B.Basumatary, S. Borgoyary, K. P. Singh, H. K.gdr, “Towards Forming the Field of Fuzzy Boundanytioe Basis
of Reference FunctionGJPAM, Vol. 13, No.6, pp2703-2716.
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Fuzzy boundary in the context of fuzzy topologisphce was defined by Warren [84], which
was later modified by Cuchillo-lbanez and Tarref3@.

Warren verified the following properties of the iyzboundary:

(1) The boundary is closed.

(2) The closure is the supremum of the interior bodndary.

(3) The boundary reduces to the usual topologioahdary when all fuzzy sets are crisp.

(4) The boundary operator is an equivalent wayedinthg a fuzzy topology.

However, Warren’s definition lacks the followingoperties:
(5) The boundary of a fuzzy set is identical to tleeindary of the complement of the set.
(6) If a fuzzy set is closed (or open), then therior of the boundary is empty.

(7) If a fuzzy set both open and closed then thendary is empty.

Now let us discuss on some definition and some gut@s of classical boundary of a crisp set

which are generally not same as fuzzy boundary.

5.2 DEFINITION A point x of a topological spaces (¥),is said to be boundary point of a set A
of X if and only if it is neither an interior pdimor an exterior point of A. The set of all

boundary points of A is called the boundary of Al @ndenoted by Bd(A).

Note: From the above definition we are cleared Bt{A)=CI(A)NCI(A°).
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Example: Let X={a, b, c, d, e} and let{¢, {b}, {c, d}, {b, c, d}, {a, b, c, d}, X}, then (X 1) be

topological space. Let A={c}, B={a, b}, D={a, b, dE={b, c, d}.
Now we try to find Bd(A), Bd(B), Bd(D) and Bd(E).

Now it is cleared from the definition of boundahat Bd(A)={a, c, d, e}.

Here B={a, b} and B={c, d, e}.
So, CI(B)=N{P is closed set in X: BP}
={a, b, eN{a, b, c, d, e}
={a, b, €}.
And CI(B)= N{P is closed set in X: B=P}
={a, b, ¢, d}
Hence Bd{B}={a, b, eN{a, b, c, d, e}

={a, b, e}.

Now for finding Bd(D), we repeat same process. Hxa, b, d} and D={c, e}
CI(D)=N{P is closed set in X: BP}
={a, b, c, d, e}

CI(D%)=N{P is closed set in X: BEP}
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Bd(D)={a, c, d, e}

Now for E, here E={b, c, d} is open set ant-a, e} closed set.
Now for E if we follow the same process.
CI(E) =N{P is closed set in X: EP}
={a, b, c, d}.
Now CI(E%) =n{P is closed set in X: E=P}
={a, c, d, e{a, b, e}
={a, €}

Hence Bd(E)={a, e}

521 THEOREM Let (X, 1) be topological space and A be subset of X, then

CI(A)=Int(A) UBd(A).

5.2.1.1 Corollary: Bd(A)c A.

5.2.1.2 Coroallary: CI(A)=AUBd(A).

5.2.2THEOREM Let (X, 1) be topological space and A, B be subsets of XnTh

()  Bd(A) = CI(A) — Int(A)

(ii) [BA(A)]°= Int(A)U Int(A°)
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(i) Bd(Int(A))SBd(A)
(v)  Bd(CI(A)SBd(A)
(v)  Bd(AUB) CBd(A) UBA(B)

(viy Bd(ANB)<Bd(A) uBd(B)
5.2.3THEOREM Let (X, 1) be topological space and A be subsets of X. Then

0] If A is open then Bd(A) = CI(A) — A.
(i) Bd(A)=¢ if and only if A is both open as well as closed.
(i)  Ais open if and only if ABd(A)=¢, that is, if and only if BAd(AZAC.

(iv)  Ais closed if and only if BA(AZA.

5.24 THEOREM Let (X, 1) be topological space and A be subsets of X. Then

()  Bd®)=9¢.
(i)  Bd(A) = Bd(A°).

(i) Bd(BA(A)SB(A).

Now let us observe on some properties of fuzzy Hamn which are not same as classical

boundary of a crisp set.

Many authors have given various idea on the d&imibf fuzzy boundary. Here we discuss

fuzzy boundary with the help of Chang [20] defioitiof fuzzy boundary.

5.3 DEFINITION Let A be a fuzzy set in fuzzy topological spaceTken the fuzzy boundary

of A is defined as Bd(A)=cl(A)cl(A°).
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Remarkl: Bd(A) is fuzzy closed set.
Remark2: For a fuzzy set A,UBd(A)<SCI(A).

In classical topology for an arbitrary set A ofopological space X we have CI(A)£Bd(A),

which is shown ircorollary5.2.1.2.

Some Propositions of fuzzy boundary which are atisfy the condition as classical boundary of

a crisp set do.

5.4 PROPOSITION Let A and B be two fuzzy sets in fuzzy topologisplaces X. then the

following conditions are hold
(i) If A be fuzzy closed set then Bd(BA.
(ii) If A be fuzzy open set then Bd(&AC.

In classical boundary converse parts of propossti@n& (ii) are also true. But in fuzzy topology

the converse part is not true.

In this chapter, our main concern is with definfngzy boundary of a fuzzy set in a manner
which is consistent with the new definition of cdempent of fuzzy sets. It is necessary to define
it accordingly because there are some drawbackiefining existing definition of complement
of fuzzy sets. As s consequence of which we trefbtward a new definition of fuzzy boundary
for future work. It is very important to mentionreethat this new proposal does not affect the
fuzzy boundary of usual fuzzy set because in thmitlen of complement of a fuzzy set, fuzzy
membership value and the fuzzy membership funétidaken to be different. In order to avoid
any such confusion regarding this, we prepare tdewn short about new definition of

complementation of fuzzy sets on the basis of esfeg function as introduced by Baruah([8, 9,
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10, 11, 12, 13, 14]). Here we do not like to examineir properties and procedures by which

they are manipulated. Their detailed coverage eaiolbnd in Bauah([8, 9, 10, 11, 12, 13, 14]).

5.5NEW APPROACH TO FUZZY BOUNDARY OF FUZZY SETS

5.5.1 DEFINITION Let A be a fuzzy set in fuzzy topological spacelKen the fuzzy boundary

of A is defined as Bd(A)=cl(A)cl(A°).
Remark 4.4 Bd(A) is closed set.

It is believed that in fuzzy topology for a fuzzgtA, AUbd(A)C cl(A) but equality does not
hold. Whereas in classical topology for an arbytraet A of a topological space X,
AUbd(A)= cl(A). Many papers has been published irgfuzoundary with remarks that in fuzzy
topology AU bd(A) cl(A but converse does not hold. So in this woekwould like to focus in

this matter with example.

Now suppose X={a, b} and let A={(a, 0.3), (b, 0.6 a fuzzy set on X, then by existing

definition of fuzzy set the collectior+{0x, 1x, A} is fuzzy topology on X.
Let B={(a, 0.6), (b, 0.7)} be fuzzy set on X.

Then cl(B)=% and cl(E")=AC.

Now bd(B)= cl(BNcl(B®)=A°.

Therefore BJbd(B)= {(a, 0.6), (b, 0.7)}UA={(a, 0.7), (b, 0.7)}.

Hence cl(B}¥ BU bd(B).
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Now we use our definition of complement of fuzzy ee same problem.

Let X={a, b} and let A={(a, 0.3, 0), (b, 0.6, 0)}eba fuzzy set on X, then by existing definition
of fuzzy set the collection={0x, 1x, A} is fuzzy topology on X, here &{x, 0, 0} and

1x={x, 1, 0}.
Let B={(a, 0.6, 0), (b, 0.7, 0)} be fuzzy set on X.
Then cl(B)=% and B'={(a, 1, 0.6), (b, 1, 0.7)}. Also cl(B=A°.
Therefore bd(B)= cl(B)cl(B%)=A°.
Now BU bd(B)={(a, 0.6, 0), (b, 0.7, 0)J A©
={(a, 0.6, 0), (b, 0.7, 0)bJ{(a, 1, 0.3), (b, 1, 0.6)}
={(a, 1, 0), (b, 1, 0)}
=1
Thus cl(B)=BJ bd(B).
This would enable us to establish that cl(B)FBd(B) if we define complementation in our way.
Thus from this example we would enable to propdsedemark.
Remark: cl(B)=BU bd(B).

5.5.2 PROPOSITION Let A be any fuzzy set in fuzzy topological spakes

Then Bd(A) = Bd(A).
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Proof:
Bd(A) = CI(A) N CI(A®)
= CI(A) N CI(A)
= CI(&A) N (CI(A%)©
=Bd(K).
Now let us try to prove this proposition with outended definition of fuzzy set.
Suppose A={x, x), 0; xX } then A°={x, 1, w(X); XeX }.
Therefore CI(A) A1, Wi(X), 0; XX }={x, min{u i(x)}, 0; xeX } and
CI(A) =N{x, 1, Ww(X); XX }={x, 1, max{ui(x)}, 0; xeX }
So,
Bd(A) = CI(A) N CI(A®)
={x, min{i()}, 0; xeX } N {x, 1, max{u(x)}, 0; xeX }
={x, 1, max{u(x)}, 0; xeX } N{x, min{ui(x)}, 0; xeX'}
={x, 1, max{i(x)}, 0; xeX }N{x, 1, min{Li(x)}; xeX }*
={x, 1, max{W(x)}, 0; xeX } N{{x, minf i(x)}, 0; xeX } }°
= CI(A%) N (CI(A®))©

=Bd(A°).
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5.5.3 PROPOSITION: Let A be any fuzzy set in fuzzy topological spaee A is fuzzy closed

set if and only if bd (A9A.

Proof:
Let A be fuzzy closed set. So, cl(A) = A.
Bd(A) = cl(A) N cl( A%) c cl(A) = A.
Therefore Bd(AEA.
Conversely let BA(AEA.
Also Ac cl(A).
Now cl(A)=Au bd(A)
cAuvA
=A
=CI(A)cA
Therefore cl(A)=A.
Hence A is fuzzy closed set.

Note: If we expressed the fuzzy set and fuzzy clasg as existence definition of fuzzy set then
the converse of the proposition is not true. Buvaf expressed with our new definition of fuzzy

set then the converse part is also true. Let esacitexample.
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Let X={a, b, cland A={x, (a, 0.4), (b, 0.7), (c, D} and B={x, (a, 0.6), (b, 0.9), (c, 0.1)} be

fuzzy sets on X. Thetr{Ox,1x A, B, AuB, ANB} be fuzzy topology in X.
Let P={x, (a, 0.6), (b, 0.7), (c, 0.9)} be any hyzset in X.
Now CI(P)={M | M is fuzzy closed set in X andZM }
=Ix
And CI(F)= N{M | M is fuzzy closed set in X and"2 M }
=A°N(ANB)°
=AC
Bd(P)=CI(PNCI(P*)=1xNA° = A®
Hence Bd(PEP. But P is not fuzzy closed set.
Now let us express the same problem in our dedimitvith respect to reference function.

Let X={a, b, c}and A={x, (a, 0.4, 0), (b, 0.7, O, 0.2, 0)} and B={x, (a, 0.6, 0), (b, 0.9, 0), (c

0.1, 0)} be fuzzy sets on X. Thers{0x,1x A, B, AuB, ANB} be fuzzy topology in X.
Let P={x, (a, 0.6, 0), (b, 0.7, 0), (c, 0.9, 0@ hny fuzzy set in X.
Now CI(P)={M | M is fuzzy closed set in X and"M }

=Ix
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And CI(F)= N{M | M is fuzzy closed set in X and" M }
=A“N(ANB)©
:AC
Bd(P)=CI(PNCI(FY)=1xNA°=A°={x, (a, 1, 0.4), (b, 1, 0.7), (c, 1, 0.2)}.

So, Bd(P)= {x, (&, 1, 0.4), (b, 1, 0.7), (c, 1,)p.and P = {x, (a, 0.6, 0), (b, 0.7, 0), (c, 0.9},0

which is not comparable. This is happened becaus@&ét closed set.

Thus it is clearly seen that the converse parthefgroposition is also true when we use our

definition of fuzzy set with respect to referenaadtion.

5.5.4 PROPOS TION

Let A be any fuzzy set in fuzzy topological spage#\ is fuzzy open set if and only if
bd(A)=A°.

Proof:

Let A be fuzzy open set.

So, A° is fuzzy closed set and hence from earlier prajposiBd(A%) cAC. Since we have

Bd(A)=Bd(A®), hence BA(AAC.

Conversely, let BAd(AEA®.

Now since Bd(A)<A®= Bd(A)NA=¢
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= (CI(A9NCI(A) NA=¢

= CI(A9N(CI(A)NA)=¢

= CI(A®)NA=¢, since AcCI(A)

=A g(CI(A%)°©

=A cInt(A), since (CI(A9)) =Int(A).
But we have Int(AXxA. Hence A=Int(A).
This shows that A is fuzzy open.

Note: If we expressed the fuzzy set and fuzzy clas that is complement of fuzzy open set as
existence definition of fuzzy set then the convesfdhe proposition is not true. But if we
expressed with our new definition of fuzzy set tlie® converse part is also true. Let us cite an

example.

Let X={a, b, cland A={x, (a, 0.5), (b, 0.8), (c,4} and B={x, (a, 0.6), (b, 0.9), (c, 0.4)} and
D={x, (a, 0.5), (b, 0.7), (c, 0.3)} be fuzzy sets X. Thent={0x,1x A, B, C, AuB, ANB, AND,

AuD, DuB, DNB } be fuzzy topology in X.

Let E={ X, (a, 0.5), (b, 0.3), (c, 0.3)} be any ayzset in X.
CI(E)=D° and CL(E)=1x.

Bd(E)=D°cE®.

But D is not fuzzy open set.

Hence converse is not true when we used existifigitien of complement of fuzzy set.
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Now let us express the same problem in our dedimiwvith respect to reference function.

Let X={a, b, cland A={x, (a, 0.5, 0), (b, 0.8, Q), 0.4, 0)} and B={x, (a, 0.6, 0), (b, 0.9, 0), (c
0.4, 0)} and D={ x, (a, 0.5, 0), (b, 0.7, 0), (c300)} be fuzzy sets on X. Thar{0x,1x A, B, C,

AuB, ANB, AND, AuD, DuB, DNB } be fuzzy topology in X.
Let E={x, (a, 0.5, 0), (b, 0.3, 0), (c, 0.3, 0)} bay fuzzy set in X.
CI(E)=1x and CL(F)=1x.

Bd(E)=1x ZEC.

This is happened because E is not fuzzy open set.

To clarify the proposition more clearly let us toygive example.

Let X={a, b, c}and A={x, (a, 0.5, 0), (b, 0.8, A, 0.4, 0)} and B={x, (a, 0.6, 0), (b, 0.9, 0), (c
0.4, 0)} and D={ x, (a, 0.5, 0), (b, 0.7, 0), (c300)} be fuzzy sets on X. Thar{0x,1x A, B, C,

AuB, ANB, AND, AuD, DuB, DNB } be fuzzy topology in X.
Let F={x, (a, 0.5, 0), (b, 0.7, 0), (c, 0.3, 03 €I(F)=1 and CI(F)=D°.
So, Bd(F)=0'SF° and clearly it is seen that F is fuzzy open seabse F is nothing but D.

Thus it is clearly seen that the converse parthefgroposition is also true when we use our

definition of fuzzy set with respect to referenaadtion.

5.5.5PROPOSITION: Let A be any fuzzy set in fuzzy topological spa&e
Then Bd(CI(A))SBd(A).

Proof:
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Bd(CI(A)) = CI(CI(A))NCI((CI(A))°)
=CI(CI(A)) - (CI((CI(A))®
= CI(CI(A)) —Int(CI(A))
= CI(A) — Int(CI(A))

c CI(A) — Int(A)
=Bd(A).

Example:

Let X={a, b, c}and A={x, (a, 0.4, 0), (b, 0.7, A, 0.2, 0)} and B={x, (a, 0.6, 0), (b, 0.9, 0), (c

0.1, 0)} be fuzzy sets on X. Ther{Ox,1x A, B, AuB, ANB} be fuzzy topology in X.
Let Q={ x, (a, 0.6, 0), (b, 0.7, 0), (c, 0.8, 0} lany fuzzy set in X.

CI(Q)=1x and Bd(CI(Q))=Bd(#)=Cl(1x) NCI((1x))=0x

Now CI(Q)=1 and CI(Q)=A°N(ANB)°

Bd(Q)= 1x NA°N(ANB)“= A°N(ANB)°

Hence from this example Bd(CI(QEBd(Q).

5.5.6 PROPOSITION
Let A and B be fuzzy sets in fuzzy topological spXc
Then Bd(AUB) < Bd(A) u Bd(B).

Pr oof:
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Bd(AUB) =CI(AUB)N CI((AUB)®)
CCI(A)UCI(B)N(CI(A®)NCI(B®))
= (CI(AN(CI(A)NCI(B)))u(CI(B)N(CI(A®)NCI(B)))
=(Bd(A) NCI(B))u(Bd(B)NCI(A®))

c Bd(A) U Bd(B).

Example:

Let X={a, b, c}and A={x, (a, 0.4, 0), (b, 0.7, O, 0.2, 0)} and B={x, (a, 0.6, 0), (b, 0.9, 0), (c

0.1, 0)} be fuzzy sets on X. Thers{0x,1x A, B, AuB, ANB} be fuzzy topology in X.
Let U={x, (a, 0.3, 0), (b, 0.2, 0), (c, 0.1, 0)}&W={x, (a, 0.7, 0), (b, 0.7, 0), (c, 0.8, 0)}
UuV={x, (a, 0.7, 0), (b, 0.7, 0), (c, 0.8, 0)}

Cl(UuV)=1x and CI((WV)“)=A® so Bd(WV)=A®

Also Cl(U)=1, CI(U%)=1x and CI(V)=X, CI(V*)=A°
Bd(U)= Ix and Bd(V)=A".

Now Bd(U) U Bd(V)=1x.

Hence Bd(WV) € Bd(U) U Bd(V).

5.5.7 PROPOSITION: Let A and B be fuzzy sets in fuzzy topological spxc
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Then Bd(A1B) < Bd(A) U Bd(B).
Pr oof:
Bd(ANB) =CI(ANB)N CI((ANB)®)
c[CI(A) UCI(B)]N(CI(AS)UCI(B®))
= [(CI(A)UCI(B))NCI(A®)]U[ (CI(A) UCI(B))N(CI(BO)]
= [CI(A)UCI(B)NCI(AS)]U[ CI(A) UCI(B)N(CI(BO)]
= [(Bd(A)UCI(B))]U[ (CI(A) UBd(B))]

c Bd(A) U Bd(B).

Example:

Let X={a, b, c}and A={x, (a, 0.4, 0), (b, 0.7, A, 0.2, 0)} and B={x, (a, 0.6, 0), (b, 0.9, 0), (c

0.1, 0)} be fuzzy sets on X. Thers{0x,1x A, B, AuB, ANB} be fuzzy topology in X.
Let U={x, (a, 0.3, 0), (b, 0.2, 0), (c, 0.1, 0)}a&W={x, (a, 0.7, 0), (b, 0.7, 0), (c, 0.8, 0)}
UuVv={x, (a, 0.7, 0), (b, 0.7, 0), (c, 0.8, 0)}

Cl(UuV)=1x and CI((UsV)©)=A" so Bd(LWWV)=A°.
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5.5.8 PROPOSITION: Let A and B be fuzzy sets in fuzzy topological spxc
Then Bd(Bd(A))< Bd(A).
Proof:
Bd(Bd(A))= CI(Bd(A)NCI((Bd(A))®)
c CI(Bd(A))
=Bd(A).
Example:

Let X={a, b, c}and A={x, (a, 0.4, 0), (b, 0.7, O, 0.2, 0)} and B={x, (a, 0.6, 0), (b, 0.9, 0), (c

0.1, 0)} be fuzzy sets on X. Thers{0x,1x A, B, AuB, ANB} be fuzzy topology in X.
Let D={x, (a, 0.6, 0), (b, 0.6, 0), (c, 0.7, O)}.

Then CI(D)=% and CI(¥)=1x so, Bd(D)=%

Therefore Bd(Bd(D))=CI(1)NCI(0x)=0x.

Hence Bd(Bd(A))= Bd(A).

5.6 CONCLUSION

In this Chapter, we have commented on the fuzzynBary of fuzzy set. Here, we have given
definition of fuzzy set on the basis of referencaction. Also, some propositions of fuzzy

boundary are prove on the basis of reference fomciihis Chapter also discuss that existing
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method on expression of fuzzy boundary of fuzzyg $ets some drawbacks that is why some
propositions on fuzzy boundary are not same agptbpositions of classical boundary of crisp
set. To stimulate future impact of the introduceaapt, we believe that more efforts are needed
to find a proper representation of complement azfuset as well as defining fuzzy boundary.
How to find the fuzzy boundary of a fuzzy set pmdpeo that we could get perfect boundary
still remained to be worked out. Thus the recommaénd for future work includes the
development of a procedure to extend the concepbmiplementation of fuzzy sets on the basis

of reference function in defining fuzzy boundaryadiuzzy set.
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