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CHAPTER 3

NEUTROSOPHIC BITOPOLOGICAL
GROUP

In this chapter, the NBTG is introduced and the important properties
of NBTGs are studied.

Definition 3.0.1
Let G be a NG on X, where X is a group. Let 1,9, 759 be two NTs on
g, then (G, .9, —Igg) is said to be NBTG if the following conditions

are satisfied:

(i) The mapping g - (G, 19)x(G, ) to (G, 1Y) defined as g(z,y)
xy, Vx,y € X for each i = 1,2; is relatively neutrosophic 1 -

continuous.

(ii) The mapping h : (G, 1) to (G, 1) defined as h(x) — z~', V& €

X for each 1 = 1, 2; is relatively neutrosophic 1 -continuous.

The results discussed in this chapter has published in the journal,
Basumatary, B., & Wary, N. (2020). A study on neutrosophic bitopological group. Neutrosophic Sets
and Systems, 38, 164-179.
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Definition 3.0.2

Let G be a NG of a group X. Then for fixed a € X, the left translation
lo 0 (G,719) —=(G,719) is defined as l,(x) — ax, ¥V x € X, where
az = {{a, T (ax), IV (ax), F¥ (ax)) : x € X} foreachi=1,2.
Similarly, the right translation v, = (G,79) — (G, 1Y) is defined as
ro(z) v xa,¥ x € X, where ax = {{a, T, (xa), I} (za), F{ (va)) :
x € X} foreachi=1,2.

Lemma 3.0.1
Let G be a NBTG in X with two NTs 7, 1, where X is a group. Then
for each a € G, the left translation l, and right translation r, are

relatively neutrosophic homeomorphism of (G, _[%, -Ig) into itself.

Proof

From Proposition 3.11 [67], we have [,[G] = G and r,[G] = G, for
all a € G, and let h : (G, 1Y) — (G,719) x (G,7Y) defined as
h(z) — (a,z), foreachi = 1,2 and x € X. Then r, : ¥ o h.
Since a € G,, T9(a) = T(e). T¥(a) = Z9(e), and F¥(a) = FY(e),
for each i = 1,2. Thus, 7.%(a) > T%(z), Z7(a) > Z7(z), and
FI(a) < FY(x) for each + € X. For each i = 1,2 from propo-
sition 3.34 [68] that ¢ : (G, 1Y) — (G,19) x (G,T1Y) is relatively
neutrosophic z-continuous. By the assumption, for each : = 1,2; v is
relatively neutrosophic ¢-continuous. So, for each ¢ = 1,2; r, is rela-

I = r,-1. Similarly, for

tively neutrosophic i-continuous. Moreover, 7,
each 1 = 1,2, we have shown the relatively neutrosophic i-continuous

of l;l = ,1.

Theorem 3.0.1
Let G be a NBTG on X with two NTs 19,75, Let W be a NOS of
(G,1,9) for each i = 1,2 and x € G., then xW and Wz are NOSs.
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Proof

Since W is NOS of G and x € G, I, : (G, —[Zg) — (G, —[Zg) is neutro-
sophic homomorphism for each ¢ = 1,2. This implies that [,(W) =
W is NOS in G. Similarly, Wz is NOS in G.

Lemma 3.0.2
Let G be NBTG on X, where X is a group. Then

(i) The inverse mapping f : (G,79) — (G,7VY) defined as f(x)
L'V e X, for each i1=1, 2; is relatively neutrosophic i-

continuous homeomorphism.

(ii) The inner automorphism h : (G,7Y) — (G, 7Y) defined by h(g) =
aga~t = {(g,ﬁg(aga_l),lg(aga_l),.Eg(aga_ln}’ where g €
X and a € G, for each i = 1, 2; is relatively neutrosophic home-

omorphism.

Proof

(i) Clearly, f is one-to-one.

Since £(G) = { (&, /(TF (@), J(T¥(x)). J(FE(a))) : & € G} for

each? = 1,2 where

F(TE(x)) = {Vyef%xﬂ?g(y), if f7H(z) # 0}

0, otherwise
_ { P, i 7 (a) #o}
0, otherwise
_ { Fa), if S () 7&0}
0, otherwise
Also, f(Ig( ) =Ig( )and O(F (x)) = F{ ().

Thus, f(G) = {(z, IV (x), Fo(x)) : x € G}, for each

1 =1,2. Also, fis neutrosophic i-continuous for each 7 = 1,2
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by definition because (G, 1Y, 71Y) is NBTG. Since f~!(z) = !
is relatively neutrosophic z-continuous for each 7 = 1,2. Hence,
for every x € X, f is relatively neutrosophic open. Thus, f is

relatively neutrosophic homeomorphism.

(ii) Since r, and [, are relatively neutrosophic homeomorphism and

1

r, = rq-1. The inner automorphism A is a composition r,-1 and

l.. Hence, h is a relatively neutrosophic homeomorphism.

Theorem 3.0.2

Let G be a NBTG in a group X and e be the identity of X. If a € G,
and N is a nbhd of e such that T (e) = 1, IV (e) = 1, FN(e) = 0 for
eachi = 1,2 then aN is a nbhd of a such that aN (a) = 1x.

Proof

Since N is a nbhd of e such that 7.V = 1, ZV = 1, F¥ = 0 for
eachi =1,2;3 aNOS U such that U C N and T,V (e) = T,V (e) =
IV(e) =IN(e) = 1, FV(e) = FN(e) = 0, for each i = 1, 2. Consider
lo - (G,779) — (G, 1Y) be a left translation defined as [,(g) — ag, for
each g € X and ¢ = 1,2. Then [, is neutrosophic homeomorphism.
Then aU is a NOS.

Now,

{{a, T;"Y(a),ZY (a), FY (a))}, for eachi=1,2.
(a, T (aa™), T (aa™"), F{ (aa™))}
(a, T (e), I} (e), Fi (e))}

(a,1,1,0)}
Also, aN(z) = {(z, T"" (), 7" (), Fi™ (2)) - v € X},
for eachi =1, 2.

= {{a, T (a""2), I (a”'2), F* (a"2)) 1 v € X}

al(a)

a,

{
{
{

a,
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(, TV (a7 %), TV (a 2), Fl (¢ '2)) 2 € X}
(a, T (), I (), F¥ ()}

U(x)

U(x);for eachz € X.

(a, TN (a), TN (a), FV (a))}, for eachi =1,2.
(a, T (aa™), I (aa™), F* (aa™))}

(a, T (). I3 (e), F* (e))}
{
{

{
~{

Q

1L,1,00}
a”77>}

Thus, 3 a NOS aU such that aU C aN and aU(a) = aN(a) =
{{a,1,1,0)}.

Proposition 3.0.1
Let G be a NBTG on X with two NTs _I%, 9, where X is a group.
Consider A : X x X — X be the mapping defined as \(g,h) =
gh~! for any g,h € X. Then G is a NBTG in X iff the mapping \ :
(G, x (G,19) — (G,TVY) is relatively neutrosophic i-continuous
foreachi=1,2.

= alN(a) =

Proof
The mapping 7 : (G, 1Y) x (G, 1Y) — (G, 1Y) x (G, 1Y) is relatively
neutrosophic i-continuous for each 7 = 1, 2; by the corollary to Propo-
sition 3.28 [68]. Also, since G is a NBTG in X by the definition 3.0.1,
we have ¢ : (G, 719)x (G,TY) — (G,T1Y) is relatively neutrosophic
i-continuous for each 4 = 1,2. Then § : ¥ oy : (G, 1Y) x (G,19)
— (G, -I?) is relatively neutrosophic i-continuous for each 7 = 1, 2.
Conversely, let A : (G, 1Y) x (G,7¢) — (G, 1Y) is RN i-continuous
for each ¢ = 1,2. If e is the identity element of X, then _Iz-g(e) >
T9(g), T9(e) > 19(g) and Fé(e) < F¥(g) forall g € X. By the
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Proposition 3.34 [68], the mapping 7 : (G, 1Y) — (G,19) x (G,19)
defined by w(h) = (e, h) is relatively neutrosophic i-continuous for
each i = 1,2. Thus, the mapping = Ao 7 : (G,TY) — (G, 1Y) is
relatively neutrosophic i-continuous for each : = 1,2. The mapping
v (G,T9) x (G,9) = (G,71Y) x (G, 1Y) is relatively neutrosophic
1-continuous for each ¢ = 1,2 by the corollary to Proposition 3.28
[68]. Thus, v = Ao~y : (G, 1Y) x (G,Y) = (G,TTY) is relatively
neutrosophic z-continuous for each ¢ = 1, 2. Therefore, G is a NBTG
in X.

Proposition 3.0.2
Let f : X =Y be a group homomorphism and 7,75 and U | US be
the NTs on X and Y respectively, where —[ig is the inverse image of Z/{ig
under f and let G be a NBTG in'Y. Then the inverse image f~1(G) of
GisaNBTGin X.

Proof

Consider the mapping o : X x X — X defined by a(gi,92) =
g1g, " for any g1,g» € X. We are to show that the mapping o :
(fl(g), —[Zfl(g)) v (fl(g),_llfl(g)) _ (fl(g), _izfl(g)> is rel-
atively neutrosophic ¢-continuous for each 7+ = 1,2. Since _Iig is the
inverse image of Y under f, f : (X, 1Y) — (X, U?) is relatively neu-
trosophic i-continuous for each i = 1,2. Also, f(f_l(g)) C G. By
Proposition 3.9 [68], f : (fl(g),_lzf_l(g)) — (g,uﬁ) is relatively
neutrosophic i-continuous for each s = 1, 2.

LetU =" @ Then3 aV =¥ such that f~L(V) = U.

Let (g1,92) € X x X. Then

7" g1 = a7 (1) (91.92) = T (algr. )
= 7;U <g1,g21>,f0r eachi=1,2.

43



= 7V (F(o). (F(g)”")
Thus, 7 (g1.92) =T (f 91)7(f(gz))_1)

Similarly, we have

7 g1 g2) =1/ (f(91), (f(gz))_l)and
]'—zq_l(U)(gl,gz) =7 (f(91), (f(gg))_l)for eachi =1,2.

By the assumption, the mapping 3 : (G, 1Y) x (G, 1Y) — (G, 1Y) given
by B(hi, hy) = hihs ! for any h;, hy € Y is relatively neutrosophic i-
continuous for each : = 1, 2. By corollary to the Proposition 3.28 [68]
the product mapping fx f : (f‘l(g), 1{1@)) X (f‘l(g), 1{1@)) —
(G, 1Y) is the neutrosophic i-continuous for each i = 1, 2.

Now, let (g1, g2) € X x X. Then

T (f(gl)> (f(QQ))_l) 72571(‘/) (f(g1), flg2))
(fxf)_l(ﬁ_l(v))(

91,92),

zV (Fo0), (Fe)) ") =2 (F(91), F(92)
fo)’l(ﬂfl(V))(

~

I
N

; 91, G2)

and F) (f(gl), (f(92))_1) = ffil(v) (f(91), f(g2))

_ gxHTETHV) (91, 92)

for each? =1, 2.
Thus, a1 (U) N (f_l(g) X f_l(g)>
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= (Fx HHEO) N (1719 < £71(9)
=B (fx NI (719 % F7HG))

So, a~Y(U) N ( F1G) x f—l(g)) e V'O 79 e, a
(1@, 7Y x (1@, 7)) = (749), ) isarel-
atively neutrosophic i-continuous for each ¢ = 1, 2. By Result 3.9 [67],
f71(G) is NG in X. Hence, by Proposition 3.0.1, f~1(G) is NBTG in
X.

Proposition 3.0.3

Let f : X — Y be a group homomorphism. Let 19,75 and U | US
be the NTs on X and Y respectively, where Llig is the image under f
and Tl-g , for each i = 1,2; and let G be a NBTG in X. If G is the
neutrosophic invariant, then the image f(G) of Gisa NBTG in'Y.

Proof
Consider the mapping 3 : Y — Y defined by 3(hy, hy) = hyhy ' for
any hy, ho € Y. We are to show that the mapping [ : (f(g), L{Zf(g)> X

( f(g ),Z/ll-f (g)) — ( f(G ),Uif (g)) is a relatively neutrosophic i- contin-
uous for each ¢ = 1, 2. Let G is a neutrosophic invariant. By the Defi-
nition 3.0.2, f(G)isaNGinY. Let U € 7. Also, U C f~(f(U)).
Then 3 a family {Uy}ren C 77 such that f~1(f(U)) = U U.. So,

aEN

FH(f(U)) € T¢. Since U; is the image of 77 under f, f(U) € U7,
for each ¢ = 1,2. So, f is neutrosophic i-open. Now, let U € _ILg
Then 4 a U = U; N G. Since G is neutrosophic invariant, by Propo-
sition 3.12 [67], f(U) = f(Uy) N f(G). Since f is neutrosophic i-
open, f(U;) = —[Zg, for each i = 1,2. Then f(U) € Uif(g), for each
i =1,2. Thus, f : (G, 1Y) — (f(g),uif(@) is relatively neutrosophic
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1-open for each ¢ = 1,2. By Proposition 3.31 [68], the product map-
ping (f x f): (G, ) x (G, 1Y) — (f(g),ulf@) foreach i = 1,2;
is relatively neutrosophic -open.

LetV € Z/{Z.f(g) and let (g1, ¢92) € X x X. Then

7;60(fo)*1(‘/)(91’92) — [5 o (f x f)]_1<7;‘/> (91, 92), for eachi =1,2.
=T [Bo(f x ](g1,9)

I
—~
~

o

o
N—
L
\‘l
U<
—~
Q
-
Q
[\
N~—
N———

where o : X x X — X is the mapping given by a(g1, g2) = g1g5 * for

each (¢g1,92) € X x X.
Thus, TVPUXOI ) _ lfe) (V) i< 570 e (570,

) > 7q )

And 7D B )] _qa V). Uk BTV _ et V)).

So, (f x f)71B V)] = a1 (f~1(V)). Since G is NBTG in X, « :
(G,9) x (G,1Y) — (G, 1Y) is relatively neutrosophic i- continuous
for each i = 1,2. Since U/ is the image of 1/ under f, f:(G,7Y) —
(G,19), ‘Zlf 9) is relatively neutrosophic i- continuous for each i = 1, 2.
Then (f % f): (6.79) % (6,79) = (/0. u/V) x (1(9).u/?)
is relatively neutrosophic ¢- continuous for each i = 1,2. Thus, (f X
floB:(G,79) x(G,TY) — (f(g),ulf(@) is relatively neutrosophic
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1- continuous for each ¢+ = 1,2. Since ¢ is neutrosophic invariant,
(NN (@< F@)] = (fx /) [BHV)]N(G % G).
So, (f x f)7HBHV) N (£(G) x £(G))] € T x 7. Since (f x
f) is relatively neutrosophic i-open for each i = 1,2; (f x f)(f X
HBV)N () x £(6)] € UD <! for each i = 1,2. But
(Ix OS> NHHBHVIN(F(G) = ()] =871 VIN(F(G)x[(9)).
So, B7H V)N (f(G) x f(G)) € Z/{if(g) XZ/{Zf(g) for each i = 1, 2. Hence,
f(G)isaNBTGinY.

Proposition 3.0.4

Let G be a NBTG in a group X with two NTs 19,715 . Let N be a
normal subgroup of X and let f be the canonical homomorphism of
X onto the quotient group X/N. If G is constant on N, then G is f

invariant.

Proof

For any z1,22 € N, let f(z1) = f(x2), then ;N = xoN. Thus,
d ki,ky € N such that x1k1 = x9ks. Since G is a constant on NNV,
T9(x) = TY(e), I¢ (x) = T/ (e) and F7 (x) = F/(e) foreachi = 1,2
and x € X. Then

Similarly, we get 7.9 (xz9) > 7,9 (21).
Thus, 7;g(a:1) = 7;g(:1:2)
Similarly, we can show that 9 (x1) = Z9 (x5) and F¢ (1) = FY (22).

Hence, G is f invariant.
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