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CHAPTER 5

PLITHOGENIC NEUTROSOPHIC
HYPERSOFT ALMOST
TOPOLOGICAL GROUP

In this chapter, the concept of the neutrosophic hypersoft topological
group is studied. Moreover, some definitions related to the NHTG are

introduced, and the PNHATG and its related propositions are studied.

Definition 5.0.1
Let NHS (Uy, E) = N be the family of all NHS over Uy via attributes
in E and Ty, € NHS(Uy, E). Then Ty, is said to be NHT on N if

the following conditions are hold:
(a) ¢U/\/7 12/{/\/ € _IUN-

(b) The intersection of any finite number of members of Ty, also be-

longs to Ty,

(¢) The union of any collection of members of Ty,, belongs to Ty,

The results discussed in this chapter has published in the journal,
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Then (N, Wy, ) is said to be NHTS. Every member of TV, is called
TTuy - open neutrosophic hypersoft set. An NHS is called 7y, - closed

if and only if its complement is Ty, - open.

Definition 5.0.2
Let the pair (F,E,) = H be a NHG of a crisp group U. Let Ty,
be the NHT on H then (H,Ty,,) is said to be NHTG if the following

conditions are satisfied:

(a) The mapping v : (H, Ty,) x (H, Ty.) — (H, Ty,) such that
U(x,y) = zy, forall x,y € H = (F, E,), is relatively neutro-

sophic hypersoft continuous.

(b) The mapping 1 : (H, Ty.) — (H, Tu,) such that p(x) = x7 1,
forall x € H = (F,E,), is relatively neutrosophic hypersoft

continuous.

where x = (by, 1) and y = (by, 13). Then the pair (H, Ty,,) is known
as NHTG.

Definition 5.0.3

Let the pair (F, E,) = H be a NHG of a crisp group U. Let Ty, be
the NHTG on H. Then for fixed 0 = (ay,a2) € H, the left translation
ly o (H, W) — (H, W) is defined by l,(x) = ox,¥ x € H,

o= {<07 TUG(O-'I.)7 IUG(O-:C)DFZ/fG(UZE)> rx €M = (F’ Ea>} .

Similarly, the right translation r, : (H, Ty.) — (H, Ty,) is defined by
ro(r) =xo,Vx € H,

xo = {(0, Ty, (xo), Iy, (xo), Fy.(xo)) : x € H = (F, Ea)} :

Lemma 5.0.1
Suppose (F, E,) = H be a NHG of a crisp group U. Let Ty, be an
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NHTG in H. Then for each 0 = (a1, as) € G,, the translations l, and
1, respectively neutrosophic hypersoft homomorphism of (H, 7y,) into
itself.

Proof

From the Proposition 3.11 [67], we have [,[H| = G and r,[H]| = H,
forallo € Hoandletw : (H, Tu.) — (H, Tu.) X (H, Ty,) defined by
m(x) = (0,x) foreachz € H. Thenr, : fon. Since o € H,, Ty (0)
= Tu.(e), Iy.(0) = Iy.(e) and Fy. (o) = Fy.(e). Thus, Ty.(0) 2
Tu. (), Iy, (o) 2 Iy.(z) and Fy (o) C Fy.(z), foreach z € H. It
follows from Proposition 3.34 [68] that 7 : (H, Ty.) — (H, Tu.) X
(H, Ty,) is relatively neutrosophic hypersoft continuous. By the hy-
pothesis (3 is relatively neutrosophic hypersoft continuous. So, r, is
relatively neutrosophic hypersoft continuous. Moreover r, ! = 7,-1.
Similarly, we have shown the relatively neutrosophic hypersoft contin-

wous of I, 1 =1 1.

Definition 5.0.4
Let PNHS (Up, E) = P be the family of all PNHS over Up via at-
tributes in E and 7, C PNHS(Up, E). Then Ty, is said to be PNHT

on P if the following conditions are satisfied:
(@) Pup, lup € Tty
(b) The intersection of any two NHSs in Ty, belongs to Ty,
(¢) The union of NHSs in Ty, belongs to Ty,,.

Then (P, T,) is said to be PNHTS.

Definition 5.0.5
The complement A° of a PNHOS in a NHTS (P, Ty, ) is said to be
PNHCoS in (P, Tu,)-
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Definition 5.0.6

Let the pair (F, E,) = M be a PNHS of a crisp group U. Let T,
[from definition 5.0.2] be the PNHT on M then (M, TV ) is said to be
PNHTG if the following conditions are satisfied:

(a) The mapping ¥ = (M, Tyg) x (M, Tuy) = (M, Ty,) such
that (x,y) = xy, for all v,y € M = (F,E,), is relatively

plithogenic neutrosophic hypersoft continuous.

(b) The mapping - (M, Ty,) — (M, Tu,) such that u(z) = 271,
forall x € M = (F, E,), is relatively plithogenic neutrosophic

hypersoft continuous.

where v = (by,11) and y = (by, 13). Then the pair (M, Ty,,) is called
a PNHTG.

Definition 5.0.7

Let the pair (F, E,) be a PNHS of a crisp group U, where E, = A; X
Ay x ... x Ay and A i = {1,2,...,n} are crisp groups. Let U,V be
two PNHS in (F, E,). We define the product of UV PNHS U,V and
V=Y of V as follows:

UV () = {2 Tuv (), oy (2), Fov(2)) s 2 = (b,7) € (F,Eo) }

where

Tyv(z) = sup{min{Ty(x), Ty (y)} },
Iyv(z) = sup{min{Iy(z), Iy (y)} },
Fyy(z) = sup{min{Fy(z), Fy(y)}},

where z = x.y and x = (by,7r1);y = (be,12) and for V. = {(z,
Ty (), Iv(2), Fo(2)) 2 = (b,7) € (F Ea) |,
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we have V™1 = {(z,Tv(z_l),]v(z_l),Fv(z_1)> 2z = (byr) €
(F, E,)}.

Definition 5.0.8

Let the ordered pair (F, E,) be a PNHS, where E, = A; x Ay X
. X A,. Let (P, Ty,) be a PNHTS and A = {<ZL‘,TA(QJ>, Ia(x),

Fu(z)) : x € (F, Ea)} be a PNHS in (P, Ty, ), then the plithogenic

neutrosophic hypersoft interior of A is defined as

PNH — int(A) = | {G : G is PNHOS and G C A}.

Definition 5.0.9
Let the ordered pair (F, E,) be a PNHS, where E, = A; x Ay X
. % A,. Let (P, ) be a PNHTS and A = {@:,TA@:), La(z),

Fu(z)) : x € (F, Ea)} be a PNHS in (P, Ty, ), then the plithogenic
neutrosophic hypersoft closure of A is defined as

PNH — cl(A) = {K . K is PNHCoS and K D A}.

Definition 5.0.10

A mapping ¢ : (P, Tu,,) — (K, Tup,) is a plithogenic neutrosophic
hypersoft continuous if the pre-image of each PNHOS in (K, Ty,,) is
PNHOS in (P, Ty, )-

Definition 5.0.11
Let A be a PNHS of a PNHTS (P, Tu,), then A is called a PNHSOS
of (P, Tuy,) if there exists a B € Ty, such that A C PNH — cl(B).

Definition 5.0.12
Let A be a PNHS of a PNHTS (P, Ty, ), then A is called a PNHSCoS
of (P, Tuy,) if there exists a B¢ € T\, such that PNH — Int(B) C A.
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Definition 5.0.13
A PNHS A of a PNHTS (P, Ty, ) is said to be a PNHROS of (P, T,)
if PNH — int(PNH — cl(A)) = A.

Definition 5.0.14
A PNHS A of a PNHTS (P, Ty, ) is said to be a PNHRCoS of (P, Ty,,)
if PNH — cl(PNH — int(A)) = A.

Theorem 5.0.1
(i) The intersection of any two PNHROSs is a PNHROS, and

(ii) The union of any two PNHRCoSs is a PNHRCoS.

Proof
(i) Let.4; and A, be any two PNHROSs of a PNHTS (P, Ty, ). Since
A1 N As is PNHOS, we have A, ()A> C PNH — int (PNH -
cl(A N AQ)). Now, PNH — int(PNH — ¢l (A1 N A2)> C PNH—
int (PNH _ CZ(A1>> — A, and PNH — int (PNH — (AN Az))
C PNH—int (PNH—cl (A2)> — A, implies that PNH—int (PNH—
cl(A1 N ./42)) C A; () As. Hence the theorem.

(ii) Let A; and Ay be any two PNHROSs of a PNHTS (P, 7,) .
Since A, | A, is PNHOS, we have A; | J A, D PNH— ¢l (PNH—
int(A, U Ag)) . Now, PNH— ¢/ (PNH—mt(A1 U ./42)) > PNH—
l (PNH _ int(A1)> — A, and PNH — ¢ <PNH —int(AU ./42))
> PNH — <PNH - mt(AQ)) — A, implies that A; |JAs C
PNH — ¢l (PNH —ant(A; U Ag)) . Hence the theorem.

Definition 5.0.15
Let ¢ : (P, Ty, ) — (K, Tu,,) be a mapping from a PNHTS (P, Ty,,)
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to another PNHTS (K, Ty, ), then ¢ is called a PNHCM, if ¢~ '(A) €
Tup, for each A € Ty,,; or equivalently ¢~ (B) is a PNHCoS of
(P, Tup, ) for each PNHCoS B of (K, T, )

Definition 5.0.16

Let ¢ : (P, Ty, ) — (K, Tup,) be a mapping from a PNHTS (P, Ty, )
to another PNHTS (K, Ty,,), then ¢ is called a PNHOM if ¢(A) €
Tup, for each A € Ty,

Definition 5.0.17

Let ¢ : (P, Tup,) — (K, Tup,) be a mapping from a PNHTS (P, Tys,,)
to another PNHTS (K, 1,,), then ¢ is called a PNHCoM if ¢(B) is a
PNHCoS of (K, T,,) for each PNHCoS B of (P, Tuy,)-

Definition 5.0.18

Let ¢ : (H, Tup,) — (K, Tup,) be a mapping from a PNHTS (H, Ty, )
to another PNHTS (K, Ty,,,), then ¢ is called a PNHSCM if 1 (A) is
a PNHSOS of (H, Ty, ), for each A € Ty,

Definition 5.0.19

Let ¢ : (P, Wy, ) — (K, Tu,,) be a mapping from a PNHTS (P, Tys, )
to another PNHTS (K, Ty, ), then ¢ is called a PNHSOM if ¢(A) is a
PNHSOS for each A € Ty,

Definition 5.0.20

Let ¢ : (P, Wy, ) — (K, Tu,,) be a mapping from a PNHTS (P, Tys, )
to another PNHTS (K, TVy,,), then ¢ is called a PNHSCoM if ¢(B) is
a PNHSCoS for each PNHCoS B of (P, Tuy,)-

Definition 5.0.21
A mapping ¢ : (M, Vy,,) — (K, Tu,,) is said to be a PNHACM if
¢ (A) € (M, Ty,,) for each PNHROS A of (K, Tys,)-
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Definition 5.0.22

Let the pair (F, E,) = M be a PNHS of a crisp group U. Let T,
[from definition 5.0.15] be the PNHT on M then (M, Ty,.) is said to
be PNHATG if the following conditions are satisfied.:

(i) The mapping v = (M, Ty,) X (M, Ty,) — (M, Ty, ) such that
U(x,y) = zy, forallz,y € M = (F, E,), is relatively plithogenic

neutrosophic hypersoft almost continuous.

(ii) The mapping p : (M, Ty,) — (M, Ty,) such that u(z) = a7,
forallx € M = (F, E,), is relatively plithogenic neutrosophic

hypersoft almost continuous.

where v = (b1, 11) and y = (b, 3). Then the pair (M, Ty,,) is known
as PNHATG.

Theorem 5.0.2

Let (M, p.) be a PNHATG and let o = (a1, a2) € M be any element.
Then

(i) A mapping g, : (M, Tu.) — (H, W) such that g,(x) = ox, for
all x € M, is PNHACM;

(ii) A mapping hy : (M, Ty.) — (M, Ty,,) such that h,(x) = xo, for
all x € M, is PNHACM.

Proof

(i) Let 0 = (as,aq) € M and let W be a PNHROS containing 09 in
M. From Definition 5.0.22, d plithogenic neutrosophic hypersoft
open nbds U,V of 0,6 in Mso that YV C W. Especially, oV C
W that is g,(V) C W. This shows that g, is PNHACM at § and
therefore g, is PNHACM.
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(ii) Suppose § = (as,ay) € M and W € PNHROS(M) containing do.
Then 3 PNHOSs § € & and o € V in M so that /Y C W. This
shows U, C W, i.e., h,(U) C W. This implies h, is PNHACM
at 0. As arbitrary element ¢ is in M, therefore h, is PNHACM.

Theorem 5.0.3
Let U be PNHROS in a PNHATG (M, Ty,.). Then the following con-

ditions are hold good, where o = (a1, as)

(i) cU € PNHROS(M), forall o € M.
(ii) Uoc € PNHROS(M), for all o € M.
(iii) U~' € PNHROS(M).

Proof

(i) First, we have to prove that cU € TIy.. Let 0 = (a3, a4) € oU.

Then from Definition 5.0.22 of PNHATGs, 3 PNHOSs ¢~ ! € W}
and 6 € Wy in M so that W;W, C U. Especially, o'W, C U.
i.e., equivalently W5 C oU. This shows that 6 € PNH — int(cU)
and thus, PNH — int (cU) = oU. i.e., cU € Ty,. Consequently,
oU C PNH — int(PNH — cl(cU)).
Now, we have to prove that PNH — int(PNH — cl(cU)PNH) C
oU. Since U is PNHOS, PNH — ¢/(U) € PNHRCoS(M). From
Theorem 5.0.2, g, : (M, Ty.) — (M, Ty,) is PNHACM and
therefore, ’PNH — cl(U) is PNHCoS. Thus, PNH — int (PNH —
cl(cU)) € PNH — cl(ocU) C oPNH — cl(U). ie., o 'PNH —
int(PNH — cl(cU)) C PNH — cl(U). Since PNH — int (PNH —
cl(cU)) is PNHROS, it follows that o~ 'PNH—int (PNH—cl(cU))
C PNH — int(PNH — cl(U)) = U, ie., PNH — int(PNH —
cl(oU)) C oU. Thus, oU = PNH — int(PNH — cl(cU)). This
shows that U € PNHROS(M).
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(i1) Following Theorem 5.0.3 (i), the proof is straightforward.

(iii) Let x € U™, then 3PNHOS § € Win H sothat W~ C U =
W C U-!. Therefore U! has interior point 5. Thus, U~ ! is
PNHOS. i.e., U™' C PNH —int(PNH — cl(U')). Now we have
to prove that PNH — int(PNH — c[(U')) C U~'. Since U is
PNHOS, PNH — ¢/(U) is PNHRCoS and hence PNH — ¢l(U) " is
PNHCoS in M. Therefore, PNH—int (PNH—cl(U ")) € PNH—
cl(U1) C PNH — cl(U)' = PNH — int(PNH — /(U 1)) C
(PNH — cl(U)) ™" € UL, Thus, U"! = PNH — int(PNH —
cl(U™)). This shows that U~* € PNHROS(H).

Corollary 5.0.1
Let Q be any PNHRCoS in a PNHATG in M. Then

(i) 0Q € PNHRCoS(M), for each o € M.
(ii) O~ € PNHRCoS(M).

Theorem 5.0.4
Let U be any PNHROS in a PNHATG M. Then

(a) PNH — cl(Uo) = PNH — cl(U)o, for each 0 € M, where 0 =

(ay,as).
(b) PNH — cl(cU) = oPNH — cl(U), for each o € M.
(¢) PNH — cl(U™") = PNH — cl(U) .
Proof

(a) Taking 6 = (a3, as) € PNH—cl(Uc) and consider ¢ = o~ . Let
q € W be PNHOS in M. Then 3PNHOSs 0! € Vi and § € V,
in M, so that V, V5, C PNH — int(PNH — cl(W)). By assumption,
there is ¢ € Uoc(\Va = got € U WV, C U(PNH —
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int(PNH — cl(W)) = U (PNH — int(PNH — cl(W)) # ¢y,
= U (PNH — cl(W)) # ¢uy,. Since U is PNHOS, U (W #
Gup- 1.6, x € PNH — cl(U)o.

Conversely, let ¢ € PNH — cl(U)o. Then ¢ = g for some
0 € PNH — cl(U). To prove PNH — ¢l(U)a C PNH — cl(Ua).
Let g € W be an PNHOS in M. Then 4 PNHOSs ¢ € V;
in M and 6 € V5 in M so that ¥}V, C PNH — int(PNH —
cl (W)). Since § € PNH — cl(U),U\Va # ¢u,. There is
g € U Va. This gives go € (Uo) (\PNH — int (PNH — cl(W))
= (Uo) () (PNH — cl(W)) # ¢u,. From Theorem 5.0.2, U is
PNHOS and thus (Uc) (W # ¢, therefore ¢ € PNH—cl(Uo).
Therefore PNH — cl(Uc) = PNH — cl(U)o.

(b) Following Theorem 5.0.4 (a), proof is straightforward.

(c) Since PNH — ¢l(U) is PNHRCoS, PNH — ¢/(U) " is PNHCoS in
M. So, U™' C PNH — ¢l(U) ™" this implies PNH — cl(U!) C
PNH — cl(U)~'. Next, let ¢ € PNH — ¢l(U)~'. Then ¢ = 671,
for some 6 € PNH — cl(U). Let ¢ € V be any PNHOS in M.
Then 3 PNHOS U in M so that § € U with U~! C PNH —
int(PNH — cl(V)). Also, there is 0 € A(U which implies
o' € A7'(PNH — int(PNH — cl(V')). That is, A~ () PNH —
int(PNH — cl(V)) # dup, = UT(PNH — (V) # ¢u, =
AV # ¢y, since U™! is PNHOS. Therefore, ¢ € PNH —
cl(U)~". Hence PNH — cl(U~') C PNH — ¢l(U) .

Theorem 5.0.5
Let Q be plithogenic neutrosophic hypersoft regularly closed subset in
a PNHATG M. Then the following statements are satisfied:

(a) PNH — int(c Q) = cPNH — int(Q), for all c € M, where o =

(Cll, ag).
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(b) PNH — int(Qo) = PNH — int(Q)o, forall o € M.
(¢) PNH — int(Q~') = PNH — int(Q)".
Proof

(a) Since Q is PNHRCoS, PNH — int(Q) is PNHROS in M. Con-
sequently, cPNH — int(Q) C PNH — int(c Q). Conversely, let ¢
be an arbitrary element of PNH — int(c Q). Assume that ¢ = o6,
for some 6 = (a3, ay) € Q. By assumption, this shows o Q is PN-
HCoS and that is PNH—int(c Q) is PNHROS in M. Suppose o €
U and § € V be PNHOSs in M, so that UV C PNH — int(c Q).
Then oV C 0@, which follows that 0V C ¢PNH — int(Q).
Thus, PNH — int (6Q) C oPNH — int(Q). Hence the statement

follows.
(b) Following Theorem 5.0.5 (a), the proof is straightforward.

(c) Since PNH —int(Q) is PNHROS, so PNH —int(Q) " is PNHOS
in M. Therefore, Q! C PNH — int(Q) " implies that PNH —
int (Q_l) C PNH— z'nt(Q)_l. Next, let ¢ be an arbitrary element
of PNH — int(Q)~". Then ¢ = 6!, for some 6 € PNH — int(Q).
Let ¢ € V be PNHOS in M. Then 4 PNHOS U is in M so that
6 € U with Ut C PNH — ¢/ (PNH — int(V)). Also, there is g €
QU which implies g~' € Q' (PNH — cl(PNH — int(V)).
Thatis Q' (\PNH—cl(PNH—int(V)) # ¢, = Q' () PNH—
int(V) # éu, = Q1 V # dus,, since Q1 is PNHCoS. Hence
PNH — int(Q ') = PNH — int(Q) .

Theorem 5.0.6
Let A be any PNHSOS in a PNHATG M. Then

(a) PNH — cl(c A) C oPNH — cl(A), for all o0 € M, where 0 =
(Cll, ag).
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(b) PNH — cl(Ac) C PNH — cl(A)o, forall o € M.
(¢c) PNH — cl(A™") C PNH — cl(A) ™"
Proof

(a) As A is PNHSOS, PNH — cl(.A) is PNHRCoS. From Theorem
5.0.2, go1 ¢ (M, my,) — (M, Ty,) is PNHACM. So, cPNH —
cl(A) is PNHCoS. Hence PNH — cl(0.A) C oPNH — cl(A).

(b) As A is PNHSOS, PNH — ¢l (A) is PNHRCoS. From Theorem
5.0.2, hy—t : (M, ) — (M,Ty,) is PNHACM. So, PNH —
cl(A)o is PNHCoS. Thus, PNH — cl(Ac) C PNH — cl(A)o.

(c) Since A is PNHSOS, so, PNH — cl(.A) is PNHRCoS and hence
PNH—cI(A)~!is PNHCoS. Consequently, PNH—cl(.A) C PNH—
(A~
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