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Evidence of vorticity and shear at large angular scales in the WMAP data: a violation

of cosmological isotropy?. The Astrophysical Journal, 629(1), L1.

Johri, V. B., & Desikan, K. (1994). Cosmological models with constant deceleration

parameter in Brans-Dicke theory. General Relativity and Gravitation, 26(12), 1217-

1232.

Johri, V. B., & Sudharsan, R. (1989). BD-FRW cosmology with bulk viscosity. Aus-

tralian Journal of Physics, 42(2), 215-222.

Jungman, G., Kamionkowski, M., & Griest, K. (1996). Supersymmetric dark matter.

Physics Reports, 267(5-6), 195-373.

Kantowski, R., & Sachs, R. K. (1966). Some spatially homogeneous anisotropic

relativistic cosmological models. Journal of Mathematical Physics, 7(3), 443-446.

King, D. H. (1991). Gravity-wave insights to Bianchi type-IX universes. Physical

Review D, 44(8), 2356.

Kiran, M., & Reddy, D. R. K. (2013). Non-existence of Bianchi type-III bulk vis-

cous string cosmological model in f (R, T) gravity. Astrophysics and Space Science,

346(2), 521-524.

Kiran, M., Reddy, D. R. K., & Rao, V. U. M. (2015). Bianchi type-III minimally

interacting holographic dark energy model with linearly varying deceleration pa-

rameter in Brans-Dicke theory. Astrophysics and Space Science, 360(2), 1-5.

119



Knop, R. A., Aldering, G., Amanullah, R., Astier, P., Blanc, G., Burns, M. S., ...

& Supernova Cosmology Project. (2003). New constraints on ΩM, ΩΛ, and w from

an independent set of 11 high-redshift supernovae observed with the Hubble Space

Telescope. The Astrophysical Journal, 598(1), 102.

Korunur, M. (2019). Tsallis holographic dark energy in Bianchi type-III spacetime

with scalar fields. Modern Physics Letters A, 34(37), 1950310.

Krori, K. D., & Nandy, D. (1977). Birkhoff’s theorem and scalar-tensor theories of

gravitation. Journal of Physics A: Mathematical and General, 10(6), 993.

Kristian, J., & Sachs, R. K. (1966). Observations in cosmology. The Astrophysical

Journal, 143, 379.

Latifi, A., Musette, M., & Conte, R. (1994). The Bianchi IX (mixmaster) cosmolog-

ical model is not integrable. Physics Letters A, 194(1-2), 83-92.

Leon, G., Paliathanasis, A., & Morales-Martı́nez, J. L. (2018). The past and future

dynamics of quintom dark energy models. The European Physical Journal C, 78(9),

1-22.

Li, M., Li, X. D., Wang, S., & Wang, Y. (2011). Dark energy. Communications in

theoretical physics, 56(3), 525.

Liddle, A. R., & Lyth, D. H. (1993). The Cold dark matter density perturbation.

Physics Reports, 231(1-2), 1-105.

Lorenz, D. (1982). Tilted electromagnetic Bianchi type-III cosmological model. As-

trophysics and Space Science, 85(1), 63-67.

Lorenz, D. (1982). Exact Bianchi type-V I0 cosmological models with matter and an

electromagnetic field. Astrophysics and Space Science, 85(1), 69-74.

120



Ludwick, K. J. (2017). The viability of phantom dark energy: A review. Modern

Physics Letters A, 32(28), 1730025.
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ory with bilinear varying deceleration parameter. Astrophysics and Space Science,

365(4), 1-9.

Mishra, R. K., Dua, H., & Chand, A. (2018). Bianchi-III cosmological model with

BVDP in modified f (R,T ) theory. Astrophysics and Space Science, 363(6), 1-8.

Mishra, R. K., & Dua, H. (2019). Bulk viscous string cosmological models in Saez-

Ballester theory of gravity. Astrophysics and Space Science, 364(11), 1-12.

Mishra, B., & Sahoo, P. K. (2014). Bianchi type-V I1 cosmological model with wet

dark fluid in scale invariant theory of gravitation. Astrophysics and Space Science,

349(1), 491-499.

Misner, C. W. (1969). Mixmaster universe. Physical Review Letters, 22(20), 1071.

Mohanty, G.,& Mishra, B. (2002). Bianchi type-V I1 cosmological model in scale-

invariant theory. Czechoslovak journal of physics, 52(6), 765-773.

Mukherjee, B. (2003). Cylindrically symmetric solution of relativistic magneto-fluid

in Sen-Dunn theory of gravitation. Indian Journal of Pure and Applied Mathematics,

34(7), 1121-1127.

Mukherjee, B. (2004). Static spherically symmetric anisotropic fluid distribution

in presence of electromagnetic field in the Sen-Dunn theory of gravitation. Acta

Physica Hungarica Series A, Heavy Ion Physics, 21(1), 39-47.

Naidu, R. L., Aditya, Y., & Reddy, D. R. K. (2019). Bianchi type-V dark energy

cosmological model in general relativity in the presence of massive scalar field.

Heliyon, 5(5), e01645.

Naidu, R. L., Satyanarayana, B., & Reddy, D. R. K. (2012). Bianchi type-III dark

energy model in a Saez-Ballester scalar-tensor theory. International Journal of The-

oretical Physics, 51(9), 2857-2862.

122



Narlikar, J. V. (2002). An introduction to cosmology. Cambridge University Press.

Navarro, J. F. (1996). The structure of cold dark matter halos. In Symposium-

international astronomical union, Cambridge University Press., 171, 255-258.

Nojiri, S. I., & Odintsov, S. D. (2006). Unifying phantom inflation with late-time

acceleration: Scalar phantom-non-phantom transition model and generalized holo-

graphic dark energy. General Relativity and Gravitation, 38(8), 1285-1304.

Padmanabhan, T. (2002). Accelerated expansion of the universe driven by tachyonic

matter. Physical Review D, 66(2), 021301.

Padmanabhan, T. (2003). Cosmological constant—the weight of the vacuum.

Physics Reports, 380(5-6), 235-320.

Page, L., Barnes, C., Hinshaw, G., Spergel, D. N., Weiland, J. L., Wollack, E., ...

& Wright, E. L. (2003). First-year wilkinson microwave anisotropy probe (WMAP)

observations: Beam profiles and window functions. The Astrophysical Journal Sup-

plement Series, 148(1), 39.

Panotopoulos, G., & Rincón, Á. (2018). Growth index and statefinder diagnostic of

oscillating dark energy. Physical Review D, 97(10), 103509.

Patel, L. K., & Koppar, S. S. (1991). Some Bianchi type-V I0 viscous fluid cosmo-

logical models. The ANZIAM Journal, 33(1), 77-84.

Pawar, D. D., & Shahare, S. P. (2019). Dynamics of tilted Bianchi type-III cosmo-

logical model in f (R, T) gravity. Journal of Astrophysics and Astronomy, 40(4),

1-7.

Peebles, P. J. E., & Ratra, B. (1988). Cosmology with a time-variable cosmologi-

cal’constant’. The Astrophysical Journal, 325, L17-L20.

123



Peebles, P. J. E., & Ratra, B. (2003). The cosmological constant and dark energy.

Reviews of modern physics, 75(2), 559.

Perlmutter, S., Aldering, G., Valle, M. D., Deustua, S., Ellis, R. S., Fabbro, S., ...

& Walton, N. (1998). Discovery of a supernova explosion at half the age of the

Universe. Nature, 391(6662), 51-54.

Perlmutter, S., Aldering, G., Goldhaber, G., Knop, R. A., Nugent, P., Castro, P.

G., ...& Supernova Cosmology Project. (1999). Measurements of Ω and Λ from 42

high-redshift supernovae. The Astrophysical Journal, 517(2), 565.

Piazza, F., & Tsujikawa, S. (2004). Dilatonic ghost condensate as dark energy. Jour-

nal of Cosmology and Astroparticle Physics, 2004(07), 004.

Pospelov, M., Ritz, A., & Voloshin, M. (2008). Secluded WIMP dark matter. Physics

Letters B, 662(1), 53-61.

Pradhan, A., Srivastav, S. K., & Yadav, M. K. (2005). Some homogeneous Bianchi

type-IX viscous fluid cosmological models with a varying Λ. Astrophysics and

Space Science, 298(3), 419-432.

Pradhan, A., Lata, S., & Amirhashchi, H. (2010). Massive string cosmology in

Bianchi type-III space-time with electromagnetic field. Communications in Theo-

retical Physics, 54(5), 950.

Pradhan, A., & Amirhashchi, H. (2011). Dark energy model in anisotropic Bianchi

type-III space-time with variable EoS parameter. Astrophysics and Space Science,

332(2), 441-448.

Pradhan, A., Jaiswal, R., Jotania, K., & Khare, R. K. (2012). Dark energy models

with anisotropic fluid in Bianchi type-V I0 space-time with time dependent deceler-

ation parameter. Astrophysics and Space Science, 337(1), 401-413.

124



Pudritz, R. E., & Silk, J. (1989). The origin of magnetic fields and primordial stars

in protogalaxies. The Astrophysical Journal, 342, 650-659.

Raju, K. D., Aditya, Y., Rao, V. U. M., & Reddy, D. R. K. (2020). Bianchi type-III

dark energy cosmological model with massive scalar meson field. Astrophysics and

Space Science, 365(2), 1-7.

Rao, V. U. M., & Neelima, D. (2013). Bianchi type-V I0 perfect fluid cosmological

model in a modified theory of gravity. Astrophysics and Space Science, 345(2), 427-

430.

Raychaudhuri, A. K. (1979). Theoretical cosmology. Oxford Studies in Physics.

Reddy, D. R. K. (1973). On Birkhoff’s theorem in scalar-tensor theory of gravitation.

Journal of Physics A: Mathematical, Nuclear and General, 6(12), 1867.

Reddy, D. R. K. (1977). Static plane-symmetric solutions in Brans-Dicke and Sen-

Dunn theories of gravitation. Journal of Physics A: Mathematical and General,

10(1), 55.

Reddy, D. R. K., Anitha, S., & Umadevi, S. (2016). Anisotropic holographic dark

energy model in Bianchi type-V I0 universe in a scalar–tensor theory of gravitation.

Astrophysics and Space Science, 361(10), 1-7.

Reddy, D. R. K., & Naidu, R. L. (2007). Bianchi type-IX cosmic strings in a scalar-

tensor theory of gravitation. Astrophysics and Space Science, 312(1), 99-102.

Reddy, D. R., Santikumar, R., & Naidu, R. L. (2012). Bianchi type-III cosmological

model in f (R, T) theory of gravity. Astrophysics and Space Science, 342(1), 249-

252.

Reddy, D. R. K., Santhi Kumar, R., & Pradeep Kumar, T. V. (2013). Bianchi type-III

dark energy model in f (R, T) gravity. International Journal of Theoretical Physics,

52(1), 239-245.

125



Reddy, D. R. K., & Venkateswarlu, R. (1987). Birkhoff-type theorem in the scale-

covariant theory of gravitation. Astrophysics and space science, 136(1), 191-194.

Ribeiro, M. B., & Sanyal, A. K. (1987). Bianchi V I0 viscous fluid cosmology with

magnetic field. J. Math. Phys.(NY);(United States), 28(3).

Riess, A. G., Filippenko, A. V., Challis, P., Clocchiatti, A., Diercks, A., Garnavich,

P. M., ... & Tonry, J. (1998). Observational evidence from supernovae for an ac-

celerating universe and a cosmological constant. The Astronomical Journal, 116(3),

1009.

Riess, A. G., Nugent, P. E., Gilliland, R. L., Schmidt, B. P., Tonry, J., Dickinson, M.,

...& Veilleux, S. (2001). The farthest known supernova: support for an accelerating

universe and a glimpse of the epoch of deceleration. The Astrophysical Journal,

560(1), 49.

Riess, A. G., Strolger, L. G., Tonry, J., Casertano, S., Ferguson, H. C., Mobasher, B.,

... & Tsvetanov, Z. (2004). Type Ia supernova discoveries at z > 1 from the Hubble

Space Telescope: Evidence for past deceleration and constraints on dark energy

evolution. The Astrophysical Journal, 607(2), 665.

Romano, V., & Pavón, D. (1994). Dissipative effects in Bianchi type-III cosmolo-

gies. Physical Review D, 50(4), 2572.

Roy, A. R., & Chatterjee, B. (1980). Cylindrically symmetric empty space-time

solutions of SEN-DUNN theory. Acta Physica Academiae Scientiarum Hungaricae,

48(4), 383-389.

Roy, A. R., & Chatterjee, B. (1981). Plane-symmetric static charged-dust distribu-

tion in Sen-Dunn theory. Indian Journal of Pure & Applied Mathematics, 12(5),

659-663.

126



Roy, S. R., Narain, S., & Singh, J. P. (1985a). Bianchi type I cosmological models

with perfect fluid and magnetic field. Australian Journal of Physics, 38(2), 239-248.

Roy, S. R., Singh, J. P., & Narain, S. (1985b). Bianchi type-V I0 perfect fluid cos-

mological models with magnetic field. Astrophysics and space science, 111(2), 389-

397.

Sahni, V., Saini, T. D., Starobinsky, A. A., & Alam, U. (2003). Statefinder-a new

geometrical diagnostic of dark energy. Journal of Experimental and Theoretical

Physics Letters, 77(5), 201-206.

Sahni, V., & Starobinsky, A. (2000). The case for a positive cosmological Λ-term.

International Journal of Modern Physics D, 9(04), 373-443.

Sahni, V., & Starobinsky, A. (2006). Reconstructing dark energy. International Jour-

nal of Modern Physics D, 15(12), 2105-2132.

Sahoo, P. K., & Mishra, B. (2015). Higher-dimensional Bianchi type-III universe

with strange quark matter attached to string cloud in general relativity. Turkish Jour-

nal of Physics, 39(1), 43-53.

Sahoo, P. K., Nath, A., & Sahu, S. K. (2017). Bianchi type-III string cosmological

model with bulk viscous fluid in Lyra geometry. Iranian Journal of Science and

Technology, Transactions A: Science, 41(1), 243-248.

Sahoo, P. K., Sahoo, P., Bishi, B. K., & Aygün, S. (2018). Magnetized strange quark

matter in f (R, T) gravity with bilinear and special form of time varying deceleration

parameter. New Astronomy, 60, 80-87.

Saleem, R., & Imtiaz, M. J. (2020). Dynamical study of interacting Ricci dark

energy model using Chevallier-Polarsky-Lindertype parametrization. Classical and

Quantum Gravity, 37(6), 065018.

127



Samanta, G. C. (2013). Bianchi type-III cosmological models with anisotropic dark

energy (DE) in lyra geometry. International Journal of Theoretical Physics, 52(10),

3442-3456.

Santhi, M. V., Rao, V. U. M., & Aditya, Y. (2017). Bianchi type-VI0 modified holo-

graphic Ricci dark energy model in a scalar–tensor theory. Canadian Journal of

Physics, 95(2), 179-183.

Santhi, M. V., Rao, V. U. M., & Aditya, Y. (2017). Anisotropic generalized ghost

pilgrim dark energy model in general relativity. International Journal of Theoretical

Physics, 56(2), 362-371.

Santhi, M. V., Rao, V. U. M., Gusu, D. M., & Aditya, Y. (2018). Bianchi type-III

holographic dark energy model with quintessence.International Journal of Geomet-

ric Methods in Modern Physics, 15(09), 1850161.

Santhi, M. V., & Sobhanbabu, Y. (2020). Bianchi type-III Tsallis holographic dark

energy model in Seaz-Ballester theory of gravitation. The European Physical Jour-

nal C,80(12), 1198.

Sarkar, S. (2014). Holographic dark energy model with linearly varying decelera-

tion parameter and generalised Chaplygin gas dark energy model in Bianchi type-I

universe. Astrophysics and Space Science, 349(2), 985-993.

Satish, J., & Venkateswarlu, R. (2019). Anisotropic Bianchi Type-V I0 Two Fluid

Cosmological Model Coupled with Massless Scalar Field and Time-Varying G and

Λ. Bulgarian Journal of Physics, 46(1).

Schmidt, B. P., Suntzeff, N. B., Phillips, M. M., Schommer, R. A., Clocchiatti, A.,

Kirshner, R. P., ... & Ciardullo, R. (1998). The high-Z supernova search: measuring

cosmic deceleration and global curvature of the universe using type Ia supernovae.

The Astrophysical Journal, 507(1), 46.

128



Sen, D. K. (1957). A static cosmological model. Zeitschrift für Physik, 149(3), 311-

323.

Sen, A. (2002). Tachyon matter. Journal of High Energy Physics, 2002(07), 065.

Sen, D. K., & Dunn, K. A. (1971). A scalar-tensor theory of gravitation in a modified

Riemannian manifold. Journal of Mathematical Physics, 12(4), 578-586.

Shamir, M. F. (2011). Plane symmetric vacuum Bianchi type-III cosmology in f (R)

gravity. International Journal of Theoretical Physics, 50(3), 637-643.

Sharif, M., & Zubair, M. (2010). Effects of electromagnetic field on the dynamics

of bianchi type-V I0 universe with anisotropic dark energy.International Journal of

Modern Physics D, 19(12), 1957-1972.

Sharif, M., & Kausar, H. R. (2011). Anisotropic fluid and Bianchi type-III model in

f (R) gravity. Physics Letters B, 697(1), 1-6.

Sharif, M., & Kausar, H. R. (2011). Non-vacuum solutions of Bianchi type-V I0

universe in f (R) gravity. Astrophysics and Space Science, 332(2), 463-471.

Sharma, U. K., Zia, R., Pradhan, A., & Beesham, A. (2019). Stability of LRS

Bianchi type-I cosmological models in f (R, T)-gravity. Research in Astronomy and

Astrophysics, 19(4), 055.

Sharma, S., & Poonia, L. (2021). Cosmic inflation in Bianchi Type IX space with

bulk viscosity. Advances in Mathematics: Scientific Journal, 10(1), 527-534.

Singh, C. P. (2008). Bulk viscous cosmology in early universe. Pramana, 71(1),

33-48.

Singh, J. P. (2008). A cosmological model with both deceleration and acceleration.

Astrophysics Space Sciences,318, 103-107

129



Singh, C. P., & Kumar, P. (2016). Statefinder diagnosis for holographic dark energy

models in modified f (R, T) gravity. Astrophysics and Space Science, 361(5), 1-9.

Singh, T., & Rai, L. N. (1983). Scalar-tensor theories of gravitation: foundations

and prospects. General Relativity and Gravitation, 15(9), 875-902.

Singh, J. K., & Ram, S. (1996). String cosmological models of Bianchi type-III.

Astrophysics and Space Science, 246(1), 65-72.

Singha, A. K., & Debnath U. (2009). Accelerating Universe with a special form of

decelerating paramter. International Journal of Theoretical Physics,48, 351-356

Smith, P. F., & Lewin, J. D. (1990). Dark matter detection. Physics Reports, 187(5),

203-280.
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Abstract 

 

A Bianchi Type-VI0 cosmological model with a special form of scale factor is studied. 

Einstein field equations in Sen-Dunn theory are obtained and solved for exact solutions. 

This solution gives a scenario of the dark energy model which tends to a ɅCDM model. 

The physical and geometrical properties are also obtained and analyzed with the present day 

observations. 
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1. Introduction 

 

Einstein General Theory of Relativity is one of the most essential and dynamic 

phenomena, benefiting in describing and creating models to understand the universe 

better. Concerning Albert Einstein's theory of gravitation, many other authors developed 

an alternative theory to Einstein's theory of gravitation developed in recent decades. Like 

an alternative theory of gravitation by Brans-Dickie [1], the tensor field is identified by 

the metric tensor of Riemannian geometry and the scalar field, which is alien to the 

geometry. Sen and Dunn [2] proposed a theory of gravitation based on Lyra’s geometry, 

where the field equation contains metric tensor     and scalar function   which is 

considered as special character of the theory are both geometrized. Dunn [4] proposed the  

scalar-tensor theory of gravitation  using a non-Riemannian geometry in which both the 

metric tensor and the scalar function have an unambiguous geometric interpretation with a 

function    (  ) where    is the coordinate in a four dimensional Riemannian 

manifold. Birkhoff's theorem and spherically symmetric static conformally flat solutions 

are studied using the Sen-Dunn scalar-tensor theory by Reddy [3,5]. Roy and Chatterjee 

[6] investigated symmetrically charged dust distribution in the Sen-Dunn theory of 

gravitation. Also, many authors like Singh and Rai [7], Mukherjee [8], Reddy and Naidu 

[9], Venkateswarlu et al. [10,11] had investigated various aspects of cosmological models 
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in a different context with the Sen-Dunn scalar-tensor theory of gravitation. Ghate and 

Sontakke [12] studied Bianchi type-IX dark energy model in the Sen-Dunn theory of 

gravitation. Patra [13] also studied the string cosmological model in a new scalar-tensor 

theory of gravitation. Bianchi type models give us the simplicity of the field equations and 

better understand the universe's anisotropy, which is relatively better than FRW isotropic 

models. Bianchi type models are homogeneous and anisotropic, giving a better image of 

the early stages of the present-day observation and the behavior in the different stages. 

Roy and Singh [14] investigated the Bianchi type VI0 cosmological model with a magnetic 

type with the free gravitational field. Patel and Koopar [15] studied viscous fluid with 

Bianchi type VI0 cosmological model. Bali et al. [16,17], Bali and Pradhan [18] studied 

the Bianchi type VI0 cosmological model relative to string theory. Many authors have 

mainly studied the aspects of dark energy cosmological models relative to the universe 

[19,20]. Mishra and Sahoo [21] investigated Bianchi type     with the presence of wet, 

dark energy fluid cosmological model in scale-invariant theory. Anisotropic magnetized 

holographic Ricci dark energy cosmological models were discussed by Santhi et al. [22]. 

Also, gravity field equations are derived by Santhi et al. [23] with the help of a spatially 

homogeneous and anisotropic Bianchi type-    space-time in a bulk-viscous fluid, 

containing one-dimensional cosmic strings. Hegazy [24], Satish and Venkateswarlu [25] 

studied various aspects with Bianchi type VI0 cosmological models. Investigation of the 

Kantowaski-Sachs cosmological model with bulk viscous and cosmic string in f(T) gravity 

framework is done by Bhoyar et al. [26]. Recently, Dewri [27] studied the spatially 

homogeneous Robertson-Walker cosmological models with magnetized isotropic dark 

energy like fluid in the scalar-tensor theory of gravitation. Brahma and Dewri [28] also 

worked on a paper Bianchi Type – V Modified 𝒇(𝑹, 𝑻) model in Lyra manifold, that 

approach the ɅCDM ( Lambda cold dark matter) model. Works of different researchers 

on Sen-Dunn and other scalar-tensor theory mentioned above are the motivation behind 

this work on accelerating and ɅCDM model. This paper has investigated the Bianchi type 

VI0 cosmological model having a variable EoS parameter and deceleration parameter in 

Sen-Dunn theory.  

 

2. Metric and Field Equation 

Bianchi type-VI0 space-time metric is given by 

                                                            (1) 

where       are function of time    

The generalization of EoS parameter of perfect fluid separately on each spatial axis by 

preserving the diagonal form and examining the diagonal form of the energy momentum 

tensor is. 

        ,               -                 (2) 

Thus, on parameterize it formulates 

        [             ]      [            ]  

     ,      (   )  (   )-                              (3) 
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where   is the energy density,          is the directional pressure,          are the 

directional EoS parameters along the     and  axis respectively,   is the considered as 

deviation free EoS parameter,   and   are the skewness parameters. The parameters     

and   are essentially need not be constant and may be a function of time. 

The field equation given by Sen-Dunn [1] for the combined scalar and tensor fields (in 

natural units           ) is  
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  /                       (4) 

where,   
 

 
,    ,  ,     and     are the Ricci tensor, Ricci scalar, metric tensor and 

energy momentum tensor respectively. 

The field equation (4) with (3) for the line element (1) gives rise to 
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The average scale factor for a Bianchi type VI0 space time is given as 

  (   )
 

                    (10) 

Also, Hubble’s parameter (H), expansion scalar ( ), shear scalar ( ),  

anisotropic parameter (  )  and deceleration parameter ( ) are defined as  
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where,         (         ) represents the directional Hubble’s parameters.  

 

3. Solution of the Field Equation 
 

From (9) we get by integrating 

                                    (16) 

where,   is a constant. 

From (16), (7) and (6), the equality in the skewness parameters along the   and   axis is 

found.  

So, the equations (5)-(9) reduces to  
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From the above three independent equations (17)-(19) five unknowns parameters 

          can be seen. For a better and deterministic solution two more condition is 

essential. 

First, assuming that the scalar expansion ( ) is proportional to the shear scalar ( ) and 

using the condition (16) gives 
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where  is a constant and the above equation yields to 
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where   
   √   

    √ 
. From the equation (21) gives 
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where,    is a constant and without the loss of generality taking     , yields 

                        (23) 

Secondly, a gauge function is considered as 

     
     

 

                   (24) 

A characterized scale factor is assumed as 
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where  and    are constants.  

Using this equation (25) in (15), the deceleration parameter is obtained as 
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Using (16), (23) and (25) the metric functions are obtained as 
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Hence, the metric (1) becomes 
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4. Physical and Geometrical Properties of the Model 
 

The spatial volume ( )  Hubble’s parameter ( ), expansion scalar ( ), shear scalar ( ) 

and Anisotropic parameter (  ) are obtained as 
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From eqs. (19), (27), (28), and (33) the energy density, the EoS parameter and the 

skewness parameter are obtained as  
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5. The Jerk parameter ( ) and Statefinder Parameters *   + 
 

The jerk parameter ( ) is a dimensionless and third derivative of the scale factor with 

respect to cosmic time   [29,30]. It is defined as 

 ( )  
 ⃛

                                   (40) 

Equation (40) can be written as 

 ( )        
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From equation (26), (32) and (41), yields 
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For flat ɅCDM model, jerk parameters ( ) has the value    . Sahni et al. [30] 

introduced the statefinder *   +  defined as  
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From the above eqs. (26), (32), (43) and (44) the results obtained are 
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and   
   (   )    

 (   )*   (   ) +
                             (46) 

From the above results we see that as     *   +  *   + which draw the idea that the 

model of the universe starts from Einstein static era to the  CDM model as in recent 

observation by Ahmad and Pradhan [31].  

 

6. Conclusion 

 

In this paper, a Bianchi Type-VI0 cosmological model with a special form of scale factor 

in Sen-Dunn theory has been studied and solved for exact solutions. Spatial volume 

increases as time tends to infinity. Gauge function   is also increasing function of time 

and increases as timepasses. The Hubble parameter decreases and approaches to zero as 

time tend to infinity and our models anisotropic and homogeneous since 
  

  
          . 

Also the EoS parameter w is negative throughout the time t representing the DE model 

dynamics which in good agreement with recent observation. The jerk parameter ( ) has 

the value      , deceleration parameter       . A deceleration to acceleration 

transition occurs for models as time passes. This solution gives a scenario of the dark 

energy model which tends to a ɅCDM model. 
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Magnetized Bianchi Model with
Time-dependent Deceleration
Parameter
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Assam, India

Abstract
Objectives: To investigate the Bianchi Type-III cosmological model in the
presence of amagnetic field using the time-dependent deceleration parameter
in Sen-Dunn scalar-tensor theory. Methods: In this work, we approach a
Bianchi type-III metric with the presence of a magnetic field in the energy-
momentum tensor. The time-dependent deceleration parameter representing
an accelerated expansion proposed by Banerjee and Das (Gen. Relativ. Gravit.
37:10, 2005)is applied to obtain the exact solution of the field equations. Also,
to obtain a deterministic solution considering shear scalar proportional to
scalar expansion resulting inB=Cβ . Furthermore, taking the power law relation
between the scalar field and the average scale factor, the model’s following
physical and geometrical properties are computed and discussed with the
present observational data. Findings:The model is anisotropic, expanding,
shearing, andnon-rotatingwith increasing volumeas time tends to infinity from
zero volume at t = 0. The model approves an accelerating universe under the
ΛCDM model. Novelty: The study provides a better comprehension of cosmic
evolution within the Sen-Dunn scalar-tensor gravitational theory context. The
model demonstrates its consistency with the cosmological observation.
Keywords: Bianchi type III metric; Electromagnetic field; Deceleration
parameter; SenDunn theory; ΛCDM model

1 Introduction
Themost prominent study made by supernovae (SNe), cosmic microwave background
(CMB), and baryonic acoustic oscillations (BAO) in modern cosmology is the
accelerated expansion of the universe. Still, the universe holds the greatest mysteries of
its evolution, such as the accelerated expansion’s origin and cause. Many cosmologists
take many modified theories that alternate with Einstein’s theory into account to
understand the accelerated expansion of the universe. Researchers are paying attention
to these alternative theories because it is thought to offer a natural gravitational
alternative to dark energy, which explains the universe’s dark energy and late-time
cosmic acceleration. Dark energy is highly considered the main element for accelerated
expansion. Many studies have been executed for dark energy models in different
gravitational theories in both the isotropic and anisotropic backgrounds. Cosmologists
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employ isotropy as the most common and important type of spacetime to investigate how our universe (particularly DE) is
currently behaving.However, the anisotropic models help us better understand the early stages of the universe’s evolution.
The finding of some anisotropy in the background radiation has now increased the importance of spatially homogenous and
anisotropic Bianchimodels.The two fluids, barotropic fluid and dark energy filled in Bianchi type-III universe were explored by
Zia et al. (1) while considering the scale factor that results in a variable deceleration parameter.The EoS parameter emerges as the
possible characteristic to study the nature of dark energy. In both interacting and non-interacting forms of the fluid,the equation
of state for dark energy represents the phantom model at late times. For the non-interacting one, it begins in the quintessence
region andmoves through theΛCDMmodel and eventually to thephantommodel. Srivastava et al. (2) examined the anisotropic
Bianchi type-III model with time-dependent deceleration parameter in general relativity; here, the EoS parameter for the new
holographic dark energy (NHDE) falls under the k-essence region, which at late time coincides with the flat ΛCDMmodel.The
Tsallis holographic dark energy model with time-dependent deceleration parameter in FRW universe addressed by Dixit et
al. (3) effectively maintains the universe’s acceleration.The EoS parameter, which corresponds to the suggested new holographic
dark energy model, illustrates the change from quintessence to phantom. Further, the concept is also consistent with the flat
ΛCDM model. In the Saez-Ballester modified theory of gravitation, Santhi and Sobhanbabu (4) also looked into the Tsallis
holographic dark energy in Bianchi type III spacetime which coincides with the isotropic model discussed by Dixit et al. (3). In
the discussion of the anisotropic Bianchi Type-III dark energy cosmological model with a massive scalar meson field in general
relativity, Raju et al. (5) noted that the EoS parameter of the model varies initially in the phantom region and then approaches
the quintessence region as the model’s physical parameters become independent of the scalar field at late times. In the case
of modified holographic Ricci dark energy, Dixit et al. (6) explored the axially symmetric, spatially homogeneous anisotropic
Bianchi type in Brans Dicke theory and noted that the EoS passes the phantom divide line and decreases with the increase in the
scalar field. Many other authors investigated Bianchi type-III spacetime in different gravitational theories that provided many
series of literature (Pawar and Sahare (7), Koronur (8), Bhardwaj and Rana (9), Baro et al. (10)).

In cosmology, the magnetic field plays a crucial role in characterizing the ionized behavior that conducts energy fluctuations
during the universe’s expansion. The existence of the magnetic field affects the expansion independent of its strength and may
result in anisotropy in the accelerated expansion (Matravers and Tsagas (11)). Furthermore, the impact of the magnetic field is
slightly more significant in the early epoch; its influence cannot be excluded at a later cosmic phase around the present epoch
(Ray et al. (12)). Even though the skewness disappears in the absence of a magnetic field, it does not do so when a magnetic field
is present, although the magnetic field diminishes along with time (Sharma et al. (13)).Thus, the cosmos is expanding faster due
to the decrease in magnetic permeability (Hegazy and Rehman (14)).

The Bianchi type-III spacetime is studied abundantly because of the unique geometric characteristics that set it apart from
the other Bianchi types. The present work is motivated by the studies on Bianchi type-III spacetime in various contexts. In this
study, we try to firm the knowledge of the Bianchi universe, considering the scalar-tensor theory of gravitation in the presence
of an electromagnetic field. In order to obtain the exact solutions of the field equation, the special form of time-dependent
deceleration parameter generalized by Banerjee and Das (15) is imposed to derive the model. The exact solution of the model is
obtained considering the shear scalar proportional to the expansion scalar and the power law relation of the scalar field with
the average scale factor. In this study, the model for the Bianchi type-III spacetime with the magnetic field in the scalar-tensor
theory is also accelerating with exponential expansion approaching the standard ΛCDMmodel. In section 2, we formulate the
metric and derive the field equations with the presence of an electromagnetic field. In section 3, the work presents the solutions
to the field equation by considering some plausible conditions. In sections 4 and 5, the model’s cosmological parameters are
presented. In sections 6 and 7, we interpret and provide the study’s conclusion.

2 Metric and Field Equations
Themetric for Bianchi type-III considered as

ds2 =−dt2 +A2dx2 +B2e−2mxdy2 +C2dz2

where A, B, and C are the function of cosmic time t only.
The field equation given by Sen and Dunn (16) with gauge function (in natural units c = 1, 8πG = 1) is

Ri j −
1
2

Rgi j = ωφ−2
(

φ,iφ, j −
1
2

gi jφ,kφ ,k
)
−φ−2Ti j

where ω = 3/2, Ri j is the Ricci tensor, R is the Ricci scalar;Ti jis the energy-momentum tensor.
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The energy-momentum tensor with the presence of an electromagnetic field is

Ti j = (ρ + p)uiu j + pgi j +Ei j

Here ui = (0,0,0,1) is the four-velocity vector such that gi juiu j =−1. And taking

Ei j =
1

4π
[ghlFihFjl −

1
4

FhlFhlgi j]

From the Maxwell equation,

∂
∂x j

(
F i j√−g

)
= 0

Eq. (5) leads to the result

F12 = Ke−2mx

where K and m are constants.
The field equation (2) with the equation (3), (4), and (6) for the equation (1) are

Ä
A
+

B̈
B
+

ȦḂ
AB

− m2

A2 =
ω
2

(
φ̇
φ

)2

−φ−2
(

p− K2

8πA2B2

)

B̈
B
+

C̈
C
+

ḂĊ
BC

=
ω
2

(
φ̇
φ

)2

+φ−2
(

p− K2

8πA2B2

)

Ä
A
+

C̈
C
+

ȦĊ
AC

=
ω
2

(
φ̇
φ

)2

+φ−2
(

p− K2

8πA2B2

)

Ä
A
+

ȦḂ
AB

+
ḂĊ
BC

− m2

A2 = φ−2
(

p+
K2

8πA2B2

)
− ω

2

(
φ̇
φ

)2

m
(

Ȧ
A
− Ḃ

B

)
= 0

The average scale factor for Bianchi type-III spacetime is

a(t) = (ABC)
1
3

The spatial volume, Hubble parameter is defined as

V = ABC = R3

H =
ȧ
a
=

1
3

(
Ȧ
A
+

Ḃ
B
+

Ċ
C

)
And deceleration parameter is defined as

q =−aä
ȧ2
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The expansion scalar, shear scalar, and the anisotropic parameter are

θ = 3H

σ2 =
1
2

σi jσ i j =
1
2

(
3

∑
v=1

H2
v −

1
3

θ 2

)

Am =
1
3

3

∑
v=1

(
Hv −H

H

)2

where, Hv(v =x, y, z) the directional parameter, and for the metric (1), it is given as Hx =
Ȧ
A , Hy =

Ḃ
B , Hy =

Ċ
C .

3 Solutions of the field equations
From equation (11), by considering m = 1, we have

A = nB

Where n is the integration constant. Here we consider n = 1 without the loss of generality. So the field equation (7)-(10) is
transformed to

2
B̈
B
+

(
Ḃ
B

)2

− m2

B2 =
ω
2

(
φ̇
φ

)2

−φ−2
(

p− K2

8πA2B2

)

B̈
B
+

C̈
C
+

ḂĊ
BC

=
ω
2

(
φ̇
φ

)2

+φ−2
(

p− K2

8πA2B2

)

B̈
B
+2

ḂĊ
BC

− m2

B2 = φ−2
(

p+
K2

8πA2B2

)
− ω

2

(
φ̇
φ

)2

Here, the nonlinear equation (20), (21), and (22) contains the unknown variablesB, C, p,ρandφ . So to obtain the exact solution
of the field equations above, we consider some plausible conditions.

To obtain the model compatible with the cosmological observation, we consider the variable deceleration parameter q
(Banerjee and Das (15)) given by

q =−1+
k

1+ak

where ”a” is the scale factor, and k (> 0) is constant. The importance of the deceleration parameter lies in the hypothesis
that the present universe has a transitional phase of expansion. It was decelerating in the past and is accelerating at present.
Many researchers generalized the deceleration parameter to study the dynamical behavior of the accelerating universe. Pradhan
et al. (17) utilized the time-dependent deceleration parameter certifying the accelerating universe and observing the Type-III
model of the singularity of the Bianchi type-I universe in the background of f(R, T) gravity. The concept of bilinear varying
deceleration parameter (BVDP), which shows super-exponential expansion, is highly discussed by Mishra and Chand (18) to
extract the solutions of field equation for the anisotropic Bianchi type-I universe in the Saez-Ballester theory of gravitation.
Recently, a deceleration parameter which is a function of time as well as periodic known as periodic time-varying deceleration
parameter (PTVDP), which oscillates periodically from 2 to -4, representing accelerating expansion, has been used to observe
the cosmological properties of the early universe as well as the fate of the universe by (Alam and Singh (19), Garg et al. (20)).

From equation (23), we obtain the Hubble parameter as

H =
αeαkt

eαkt −1
= α(1+a−k)
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where α is an integrating constant.
As Collins et al. (21) expressed that for the spatially homogeneousmetric, the normal congruence to the homogeneous hyper-

surface satisfies the condition σ
θ = constant. This condition leads to

B =Cβ

here, β is an arbitrary constant.
We consider the gauge function for the model as

φ = φ0a f (t)

where, φ0; and f being an ordinary constant.
From the equation (24) by integration, we have the scale factor as

a(t) =
(

eαkt −1
) 1

k

Here, α and k are positive constants.
Thus using equation (27) in equation (12), we get the following result as

A = B =
(

eαkt −1
) 3β

k(2β+1)

C =
(

eαkt −1
) 3

k(2β+1)

Themodel (1) with the equation (28) and (29) reduces to

ds2 =−dt2 +
(

eαkt −1
) 3β

k(2β+1) dx2 +
(

eαkt −1
) 3β

k(2β+1) e−2mxdy
2

+
(

eαkt −1
) 3

k(2β+1) dz2

4 Cosmological Parameters of the model
From the equation (20)-(22), we obtain the following energy density and pressure using equations (26), (28), and (29)

ρ = φ2
0

(
eαkt −1

) f
k

(
9
(
1+3β −β 2

)
α2e2αkt

(2β +1)2(eαkt −1)2 − 3kα2eαkt

(2β +1)(eαkt −1)2 +
3α2 f 2e2αkt

4(eαkt −1)2

]
+

K2

(eαkt −1)
12β

k(2β+1)

−p =
φ2

0
2

(
eαkt −1

) f
k
(

9
(
1+3β +4β 2

)
α2e2αkt

(2β +1)2(eαkt −1)2 − 3(3β +1)kα2eαkt

(2β +1)(eαkt −1)2 −m2
(

eαkt −1
) −6β

(2β+1)k − 3α2 f 2e2αkt

2(eαkt −1)2

]

The spatial volume, expansion scalar, shear scalar, and anisotropic parameter for the model are as follows

V =
(

eαkt −1
) 3

k

θ =
3αeαkt

eαkt −1

σ =

√
3(β −1)αeαkt

(2β +1)(eαkt −1)
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Am =
2(β −1)2

(2β +1)2
(36)

Thus we also have

σ2

θ 2 =
(β −1)2

3(2β +1)2 = constant(̸= 0, for β > 1) (37)

Energy condition and Statefinder parameter

ρ + p =
φ2

0
2

(
eαkt −1

) f
k

9
(
1+5β −6β 2

)
α2e2αkt

(2β +1)2 (eαkt −1)2 +
3(3β −1)kα2eαkt

(2β +1)(eαkt −1)2 +m2
(

eαkt −1
) −6β
(2β +1)k +

3α2 f 2e2αkt

2(eαkt −1)2

]
+

K2

(eαkt −1)

12β
k(2β +1)

(38)

ρ − p =
φ2

0
2

(
eαkt −1

) f
k

(
9(1+4β +3β 2)α2e2αkt

(2β +1)2(eαkt −1)2 +
9(β −1)kα2eαkt

(2β +1)(eαkt −1)2 −m2
(

eαkt −1
) −6β

(2β+1)k

]
+

K2

(eαkt −1)
12β

k(2β+1)

ρ +3p =
φ2

0
2

(
eαkt −1

) f
k

(
9(3β−14β 2−1)α2e2αkt

(2β+1)2(eαkt−1)
2 + 3(9β+1)kα2eαkt

(2β+1)(eαkt−1)
2 +m2

(
eαkt −1

) −6β
(2β+1)k + 6α2 f 2e2αkt

(eαkt−1)
2

]
+ K2

(eαkt−1)
12β

k(2β+1)

(40)

From the following result, the energy condition identified that the Null Energy Condition (NEC), the Weak Energy
Condition (WEC), and the Strong Energy Condition (SEC) are satisfied throughout the cosmic evolution of the model. The
model’s Dominant Energy Condition (DEC)l rapidly increases from negative phase to positive boundary after some cosmic
time t = 0.3, and later it is satisfied for the stability of the universe’s expansion.

The statefinder parameter {r,s} introduced by Shani et al. (22) is given as

r =
...a

aH3 = 1+3
Ḣ
H2 +

Ḧ
H3

s =
(r−1)

3
(
q− 1

2

)
Here, H is the Hubble parameter, and q is the deceleration parameter. The cosmological diagnostic pair {r,s} allow us to
determine the characteristic properties of the dark energy in a model-independent approach. With the equations (23) and
(24), we can rewrite the diagnostic pair {r,s} as

r = 1− 3k
eαkt +

k2
(
eαkt

)
+1

e2αkt

s =
2k
(
keαkt + k−3eαkt

)
3eαkt(2k−3eαkt)

We observe from the above result that when t → ∞ we get the pair (r,s}→ {1,0},which explains that the model of the universe
starts from the radiation era to the ΛCDMmodel.
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5 Results and Discussion
The equation (30) represents the model for the Bianchi type-III cosmological model with the electromagnetic field in the
framework of Sen-Dunn scalar-tensor theory. The physical and geometrical parameters for the model are discussed above:

Fig 1. Volume Vs. Time: Forα = 0.5, k = 1.75

Fig 2.Hubble parameter, Expansion scalar Vs. Time:Forα = 0.5, k = 1.75

• The plotting of the figures are drawn against time (Gyr) by considering the values α = 0.5, β =
1.5, k = 1.75, f =−0.62,φ0 = 1. The graphical representation of the physical and kinematical parameters with this val-
ues signifies that the model obtained in this study are constrained with the recent cosmological observations.

•Themodel is expanding, shearing, and non-rotating, with the spatial volume increasing from the finite volume at t = 0 and
expanding to an infinite volume as t → ∞ is shown in Figure 1. The model’s expansion scalar and Hubble parameter positively
decrease with the increase in time, as shown in Figure 2, which shows that the universe’s expansion rate is slower as time
increases and expansion gradually ends for t → ∞.

Fig 3.Deceleration Parameter Vs. Time

• The relation σ2

θ 2 = constant show that the model (30) does not tend to isotropy for β ̸= 1 at late times. Its contrast to
the Bianchi type I spacetime model considering a similar deceleration parameter proclaims isotropy for large values of ”t” by
Tiwari and Beesham (23).

•The model’s energy density and the pressure given by equation (31) and (32)positively decreases.Also, it tends to be zero
as t → ∞; for a significant value of time t, as shown in Figure 4. A similar characteristic of the energy density, pressure, and
Hubble parameter and expansion scalar is also observed in the string cosmological model for Bianchi type-III spacetime in
Lyra geometry(Baro et al. (10)). The q bounds to the value −1 ≤ q < 0from decelerating phase q > 0 to de-Sitter expansion
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Fig 4. Energy density, Pressure Vs. Time: Forα = 0.5, k = 1.75, β = 1.5, f =−0.62, φ0 = 1

or exponential expansion, which explains the transition from the early deceleration to the late time acceleration as shown
in Figure 3 . The result of the deceleration parameter follows the recent cosmological data. Some model also exhibits super-
exponential expansion at the early phase with q <−1 and, finally, at late times, tends to exponential expansion q =−1 (Santhi
and Sobanbabu (4)).

Fig 5. Energy condition Vs. Time:For α = 0.5, k = 1.75, β = 1.5, f =−0.62, φ0 = 1

• Initially, the dominant energy condition (DEC) gets violated for time t < 0.3, and then rapidly, it satisfies the energy
condition as positively decreasing with time. The NEC, WEC, and SEC satisfy the energy condition throughout the time t
(Figure 5). The energy condition depicts the early deceleration to the present acceleration of the universe.

• From the above result (43) and (44), the nature of the statefinder parameter is obtained as{r,s} → (1,0) as t → ∞, which
shows that the universe approaches the ΛCDM model at late times, which matches the recent cosmological model of the
universe. The same result was observed in the previous study considering a special form of scale factor for Bianchi type-VI0 in
the framework of Sen-Dunn theory (Basumatary and Dewri (24)).

6 Conclusion
This paper investigates the solutions of Bianchi type-III spacetime in the presence of an electromagnetic field in the Sen-Dunn
scalar-tensor theory of gravitation. To deliver the solutions to the field equations, we consider the time-dependent deceleration
parameter q, a signature flip property (Banerjee and Das (15)). The model (30) expands with zero volume at t = 0to infinite
as time t → ∞ and eventually, at late times, tends to the de-Sitter universe. For the significant value of t, the present model
does not tend to isotropy, except for particular exceptional cases for β = 1. The model is expanding, shearing, non-rotating,
and anisotropic throughout the evolution admitting initial singularity at t = 0, which shows a relevant characteristic of the
model investigated by Pawar and Sahare (7). The diagnostic pair {r,s} represents that the model of the universe tends to ΛCDM
as time t → ∞, which is consistent with the recent observational data. The study presents a toy piece of the Bianchi type-
III cosmological model in the Sen-Dunn scalar-tensor theory of gravitation. The generated and given model represents an
expanding and accelerating cosmological model, delivered by examining the above physical and geometrical factors.Themodel
studied in this part is compatible with the recent cosmological observation.Therefore, more profound knowledge of the cosmic
evolution of the universe will result from studying the Bianchi spacetime in the scalar-tensor theory of gravitation.
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