
CHAPTER 2

Cardinalities of the Neutrosophic Set and
Neutrosophic Crisp Set on a Finite Set

In this chapter, the cardinalities of the NS for a non-empty finite set X

whose neutrosophic values lie in M with |M | = m ≥ 2 and NCrS have

been studied. Further, the NCs of cardinalities less than 4 in a NS have

been computed. In addition, some interesting propositions have been

studied.

2.1 Cardinalities of the Neutrosophic Set

This section presents the works concerned with the enumeration of neu-

trosophic subsets.

Let us assume that X and M are both finite, say X = {v1, v2, . . . , vn},

and M = {t0, t1, t2, . . . , tm−1} is a totally ordered set such that:

(0, 1, 1) = t0 < t1 = (T1, I1, F1) < t2 = (T2, I2, F2) < . . . < tm−2 =

(Tm−2, Im−2, Fm−2) < tm−1 = (1, 0, 0), where ti = (Ti, Ii, Fi) < tj =

(Tj, Ij, Fj) iff [Ti ≤ Tj, Ii ≥ Ij, Fi ≥ Fj and at least one of Ti < Tj

or Ii > Ij or Fi > Fj] or [Ti ≤ Tj, Ii ≥ Ij, Fi ≤ Fj and at least one
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of Ti < Tj or Ii > Ij or Fi < Fj]. Also, let NX be the collection of

neutrosophic subsets of X with neutrosophic values in M .

NX is partially ordered by:

ANT ⪯ BNT , if and only if T1(vi) ≤ T2(vi), I1(vi) ≥ I2(vi), F1(vi) ≥
F2(vi) or T1(vi) ≤ T2(vi), I1(vi) ≥ I2(vi), F1(vi) ≤ F2(vi) for each

i ∈ {1, 2, . . . , n}, where ANT = ⟨ x
(T1(x),I1(x),F1(x))

: x ∈ X ⟩ and BNT =

⟨ x
(T2(x),I2(x),F2(x))

: x ∈ X ⟩.
We also have,

ANT ≺ BNT , if and only if ANT ⪯ BNT and [at least one of T1(vi) <

T2(vi) or I1(vi) > I2(vi) or F1(vi) > F2(vi)] or [T1(vi) < T2(vi) or

I1(vi) > I2(vi) or F1(vi) < F2(vi)], for some i ∈ {1, 2, . . . , n}.

Then the first question that arises in our mind is “How many NSubs

are there in a non-empty finite set X of n elements?” The study is based

on a non-empty finite set because a NSub of the empty set does not have

a conventional meaning since there are no elements to talk of in this set.

Definition 2.1.1 blank

The set of all NSubs of a non-empty finite set X whose neutrosophic

values lie in M with |M | = m ≥ 2 is called the neutrosophic power set

of X with neutrosophic values in M . The notation for the neutrosophic

power set of X whose neutrosophic values lie in M is PM (X ) and its

cardinality is denoted by |PM (X ) |.

Proposition 2.1.1 blank

A non-empty finite set X with |X | = n whose neutrosophic values lie in

M with |M | = m ≥ 2 has mn NSubs.

Proof:
Each element of X has m choices for neutrosophic values as |M | = m.

Hence, the total number of NSubs of X whose neutrosophic values lie

in M is m.m . . .m︸ ︷︷ ︸
n times

= mn.
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Proposition 2.1.2 If |X | = n and |M | = m ≥ 2, then the cardinality

of the neutrosophic power set of X with neutrosophic values in M is

|PM (X ) | = mn.

Proof:
By Definition 2.1.1 and Proposition 2.1.1, the proof is straightforward.

Example 2.1.1 blank

Let X = {u} and M = {(0, 1, 1), (T, I,F), (1, 0, 0)}.

It is seen that, |X | = n = 1, |M | = m = 3. Then, the NSubs of X

whose neutrosophic values lie in M are

0NT = ⟨ u
(0,1,1)⟩, 1NT = ⟨ u

(1,0,0)⟩, ANT
1 = ⟨ u

(T,I,F)⟩.
Therefore, |PM (X ) | = 3 = 31 = mn.

Example 2.1.2 blank

Let X = {u, v} and M = {(0, 1, 1), (T, I,F), (1, 0, 0)}.

It is seen that, |X | = n = 2, |M | = m = 3. Then, the NSubs of X

whose neutrosophic values lie in M are

0NT = ⟨ u
(0,1,1) ,

v
(0,1,1)⟩, 1NT = ⟨ u

(1,0,0) ,
v

(1,0,0)⟩,
ANT

1 = ⟨ u
(0,1,1) ,

v
(T,I,F)⟩, ANT

2 = ⟨ u
(0,1,1) ,

v
(1,0,0)⟩,

ANT
3 = ⟨ u

(T,I,F) ,
v

(0,1,1)⟩, ANT
4 = ⟨ u

(T,I,F) ,
v

(T,I,F)⟩,
ANT

5 = ⟨ u
(T,I,F) ,

v
(1,0,0)⟩, ANT

6 = ⟨ u
(1,0,0) ,

v
(0,1,1)⟩,

ANT
7 = ⟨ u

(1,0,0) ,
v

(T,I,F)⟩.
Therefore, |PM (X ) | = 9 = 32.

Proposition 2.1.3 blank

The NCs of length one in PM (X ) is CN(n,m, 1) = |PM (X ) | = mn.

Proof:
Every NSubs of X whose neutrosophic values lie in M are taken as the

chain of length one, where |X | = n and |M | = m. Then clearly,

CN(n,m, 1) = |PM (X ) | = mn.

25



Example 2.1.3 blank

Every NSub in PM (X ) is a chain of length one. So, if we consider

example 2.1.2, then the chain of length one are

0NT , 1NT , ANT
1 , ANT

2 , ANT
3 , ANT

4 , ANT
5 , ANT

6 , ANT
7 .

Proposition 2.1.4 blank

The NCs of length two in P̂M (X ) = PM (X )− {0NT , 1NT} is(
m+ 1

2

)n

− 3mn + 3.

Proof:
The existence of a chain of length two in P̂M (X ) is first subject to the

condition that there are enough levels to contain such chains. That is we

first assumed that n(m− 1)− 1 ≥ 2, or equivalently n(m− 1) ≥ 3. To

compute the NCs of length two in P̂M (X ) we use algorithm 1.7.1.

We have c1(ti1, ti2, . . . , tin) = 1, for each (ti1, ti2, . . . , tin) ∈ P̂M (X ).

For each (tj1, tj2, . . . , tjn) satisfying (tj1, tj2, . . . , tjn) ⪯ (ti1, ti2, . . . , tin),

we have 0 ≤ jk ≤ ik for each k in {1, 2, · · · , n}. That is there are ex-

actly (i1 + 1)(i2 + 1) . . . (in + 1)− 2 such (tj1, tj2, . . . , tjn)’s. Removing

(i1, i2, . . . in) and (0, 0, . . . , 0) from the list we obtain that the NCs con-

taining two elements in P̂M (X ) and ending with (ti1, ti2, . . . , tin) is

c2(ti1, ti2, . . . , tin) = (i1 + 1)(i2 + 1) . . . (in + 1)− 2.

Taking the sum over all elements of PM (X ) lying on levels 2 to n(m−
1) − 1, we obtained the number c2 of chains of length two in P̂M (X ),

which is given by

c2(P̂M (X )) =
∑

2≤i1+i2+···+in≤ n(m−1)−1

c2(ti1, ti2, . . . , tin)
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=
∑

2≤i1+i2+···+in≤n(m−1)−1

((i1 + 1)(i2 + 1) . . . (in + 1)− 2)

=

n(m−1)−1∑
h=2

 ∑
i1+i2+···+in=h,

t0≤ti≤tm−1

(i1 + 1)(i2 + 1) . . . (in + 1)− 2



=

n(m−1)−1∑
h=2

 ∑
y1+y2+···+yn=n+h,

1≤yi≤m

(y1y2 . . . yn − 2)


(taking yk = ik + 1)

=
nm−1∑
k=n+2

 ∑
y1+y2+···+yn=k,

1≤yi≤m

(y1y2 . . . yn − 2)



= −2(mn − 2− n) +
nm−1∑
k=n+2

 ∑
y1+y2+···+yn=k,

1≤yi≤m

(y1y2 . . . yn)

 .

Letting,

s =
nm−1∑
k=n+2,
1≤yi≤m

 ∑
y1+y2+···+yn=k,

1≤yi≤m

(y1y2 . . . yn)

 ,

and using Lemma 1.7.1, we have obtained,
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(
m(m+ 1)

2

)n

=
nm∑
k=n

 ∑
y1+y2+···+yn=k,

1≤yi≤m

(y1y2 . . . yn)


= yn1 + nyn−1

1 y2 + s+ ynm

= 1 + 2n+ s+mn

from which we deduced that

s =
(
m(m+1)

2

)n
−mn − 2n− 1.

Therefore,

c2(P̂M (X )) = −2(mn − 2− n) +
(
m(m+1)

2

)n
−mn − 2n− 1

= −3mn +
(
m(m+1)

2

)n
+ 3

=
(
m+1
2

)n − 3mn + 3.

This proves the result in the case n(m− 1) ≥ 3.

Now, if n and m are positive integers such that n(m − 1) < 3, and

taking in account, we assumed that n ≥ 1 and m ≥ 2, we get

either (a) m = 2 and n = 1,

or (b) m = 2 and n = 2,

or (c) m = 3 and n = 1.

On one hand, these values are substituted in the above formula and

gives the value 0. On the other hand, these values result in the ordered

sets.

It is easy to check that we have no chain with length two in all cases,

(a), (b), and (c), which is consistent with the obtained formula. This

proves the proposition.

Corollary 2.1.1 blank

In PM (X ), the NCs of length four having both 0NT and 1NT is same

as c2(P̂M (X )).
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Proposition 2.1.5 blank

The NCs of length two in PM (X ) is

CN(n,m, 2) =

(
m+ 1

2

)n

−mn.

Proof:
Let |X | = n and |M | = m, then |PM (X ) | = mn. To prove the result

we have the following cases:

Case 1 Chain of 0NT with 1NT : The NC of length two of 0NT with 1NT

is one i.e., 0NT ⊂ 1NT .

Case 2 Chain of length one with 0NT as subset: We know every neu-

trosophic subsets are chain of length one and 0NT is a subset of every

neutrosophic subsets. Therefore, in this case, the NCs of length two is

|PM (X ) | − 1 = mn − 1 as 0NT ⊆ 0NT which is a chain of length one.

Case 3 Chain of length one with 1NT as super-subset: Since, 1NT is a

super-subset of every neutrosophic subsets. Therefore, in this case, the

NCs of length two is |PM (X ) | − 1 = mn − 1 as 1NT ⊆ 1NT which is

a chain of length one.

Case 4 Chain of length two from P̂M (X ): Following Proposition 2.1.4,

the NCs of length two is
(
m+1
2

)n − 3mn + 3.

Since the chain from case 1, i.e., 0NT ⊂ 1NT is present in case 2 and

case 3, the total NCs of length two in the neutrosophic power set of X

whose neutrosophic values lie in M is

1 + (mn − 1− 1) + (mn − 1− 1) +

(
m+ 1

2

)n

− 3mn + 3

i.e.,

CN(n,m, 2) =

(
m+ 1

2

)n

−mn.
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Example 2.1.4 blank

From Example 2.1.2, we have |X | = n = 2, |M | = m = 3. Then the

NCs of length two is(
m+ 1

2

)n

−mn =

(
3 + 1

2

)2

− 32 = 62 − 9 = 36− 9 = 27.

These are
0NT ⊂ 1NT , 0NT ⊂ ANT

1 , 0NT ⊂ ANT
2 , 0NT ⊂ ANT

3 ,

0NT ⊂ ANT
4 , 0NT ⊂ ANT

5 , 0NT ⊂ ANT
6 , 0NT ⊂ ANT

7 ,

ANT
1 ⊂ 1NT , ANT

2 ⊂ 1NT , ANT
3 ⊂ 1NT , ANT

4 ⊂ 1NT ,

ANT
5 ⊂ 1NT , ANT

6 ⊂ 1NT , ANT
7 ⊂ 1NT , ANT

1 ⊂ ANT
2 ,

ANT
1 ⊂ ANT

4 , ANT
1 ⊂ ANT

5 , ANT
1 ⊂ ANT

7 , ANT
2 ⊂ ANT

5 ,

ANT
3 ⊂ ANT

4 , ANT
3 ⊂ ANT

5 , ANT
3 ⊂ ANT

6 , ANT
3 ⊂ ANT

7 ,

ANT
4 ⊂ ANT

5 , ANT
4 ⊂ ANT

7 , ANT
6 ⊂ ANT

7 .

Proposition 2.1.6 blank

The NCs of length three in P̂M (X ) is

mn(m+ 1)n(m+ 2)n

6n
− 4mn(m+ 1)n

2n
+ 6mn − 4.

Proof:
Firstly, let us assume that n(m−1)+1 ≥ 5. To compute the NCs of length

three in P̂M (X ) we use Algorithm 1.7.1. For each (ti1, ti2, . . . , tin)

in P̂M (X ), let ck(ti1, ti2, . . . , tin) be the NCs with k elements from

P̂M (X ) and with maximal element (ti1, ti2, . . . , tin). Then,

c1(ti1, ti2, . . . , tin) = 1,

c2(ti1, ti2, . . . , tin) = (i1+1)(i2+1) . . . (in+1)−2, [following the proof

of proposition 2.1.4],

and

c3(ti1, ti2, . . . , tin) =
∑

0NT≺(tj1 ,tj2 ,...,tjn)≺(ti1 ,ti2 ,...,tin)

c2(tj1, tj2, . . . , tjn)
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= −c2(ti1, ti2, . . . , tin) +
∑

0NT≺(tj1 ,tj2 ,...,tjn)⪯(ti1 ,ti2 ,...,tin)

c2(tj1, tj2, . . . , tjn).

Hence,

c3(ti1, ti2, . . . , tin) + c2(ti1, ti2, . . . , tin)

=
∑

0NT≺(tj1 ,tj2 ,...,tjn)⪯(ti1 ,ti2 ,...,tin)

c2(tj1, tj2, . . . , tjn)

=
∑

0NT≺(j1,j2,...,jn)⪯(i1,i2,...,in)

((j1 + 1)(j2 + 1) . . . (jn + 1)− 2)

= −((0+1)(0+1) . . . (0+1)−2)+
∑

0NT⪯(j1,j2,...,jn)
⪯(i1,i2,...,in)

((j1+1)(j2+1) . . . (jn+1)−2)

= 1 +
∑

0≤jk≤ik,
1≤k≤n

((j1 + 1)(j2 + 1) . . . (jn + 1)− 2)

= 1 +
∑

0≤yk−1≤ik,
1≤k≤n

(y1y2 . . . yn − 2)

= 1 +

 ∑
0≤yk≤ik+1,

1≤k≤n

y1y2 . . . yn

− 2
n∏

k=1

(ik + 1)

= 1 +
n∏

k=1

(1 + 2 + · · ·+ (ik + 1))− 2
n∏

k=1

(ik + 1)

= 1 +
n∏

k=1

(ik + 2)(ik + 1)

2
− 2

n∏
k=1

(ik + 1).

Taking the sum over all elements of P̂M (X ), we have,

c3 + c2 =
∑

(ti1 ,ti2 ,...,tin)∈P̂M (X )

c3(ti1, ti2, . . . , tin) + c2(ti1, ti2, . . . , tin).
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=
∑

0NT≺(ti1 ,ti2 ,...,tin)≺1NT

(
1 +

n∏
k=1

(ik + 2)(ik + 1)

2
− 2

n∏
k=1

(ik + 1)

)
Therefore,

c2 + c3 + 1 + (m+1)nmn

2n − 2mn

=
∑

0NT⪯(ti1 ,ti2 ,...,tin)⪯1NT

(
1 +

n∏
k=1

(ik + 2)(ik + 1)

2
− 2

n∏
k=1

(ik + 1)

)

= mn +
1

2n

(
m−1∑
ik=0

(ik + 2)(ik + 1)

)n

− 2

(
m−1∑
ik=0

(ik + 1)

)n

= mn +
1

2n

(
m−1∑
ik=0

(ik + 2)(ik + 1)

)n

− 2mn(m+ 1)n

2n
.

Since,

c2 =

(
m(m+ 1)

2

)n

− 3mn + 3

and(
m−1∑
ik=0

(ik + 2)(ik + 1)

)n

=

(
m∑
j=1

(j + 1)j

)n

=

(
m∑
j=1

(j2 + j)

)n

=

(
m(m+ 1)(2m+ 1)

6
+

3m(m+ 1)

6

)n

=

(
m(m+ 1)(2m+ 4)

6

)n

=

(
m(m+ 1)(m+ 2)

3

)n

.
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We have,

c3 +

(
m(m+ 1)

2

)n

− 3mn + 3 + 1 +
mn(m+ 1)n

2n
− 2mn

= mn +
1

2n

(
m(m+ 1)(m+ 2)

3

)n

− 2mn(m+ 1)n

2n
.

That is,

c3 + 2

(
m(m+ 1)

2

)n

− 5mn + 4

= mn ++
1

2n

(
m(m+ 1)(m+ 2)

3

)n

− 2mn(m+ 1)n

2n
.

Hence,

c3 = −4 + 6mn − 4mn(m+ 1)n

2n
+

mn(m+ 1)n(m+ 2)n

6n
.

This proves the proposition.

Proposition 2.1.7 blank

The NCs of length three in PM (X ) is

CN(n,m, 3) =
mn(m+ 1)n(m+ 2)n

6n
− 2mn(m+ 1)n

2n
+mn

or

CN(n,m, 3) =

(
m+ 2

3

)n

− 2

(
m+ 1

2

)n

+mn.

Proof:
Let |X | = n and |M | = m, then |PM (X ) | = mn. To prove the result

we have the following cases:

Case 1 Chain of length one with both 0NT and 1NT as subset and super-

subset: Every neutrosophic proper subsets of length one together with

0NT and 1NT as subset and super-subset forms a chain of length three.

Then, the NCs of length three in the present case is mn − 2.

Case 2 Chain of length two with 0NT as subset: Chain of length two with

0NT as subset forms a chain of length three. Therefore, the NCs of length
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three in this case is
(
m+1
2

)n − 3mn + 3.

Case 3 Chain of length two with 1NT as superset: Similar to case 2,

the chain of length two with 1NT as super-subset forms a chain of length

three. Therefore, the NCs of length three in this case is
(
m+1
2

)n−3mn+3.

Case 4 Chain of length three from P̂M (X ): Following Proposition

2.1.6, the NCs of length three in P̂M (X ) is

mn(m+ 1)n(m+ 2)n

6n
− 4mn(m+ 1)n

2n
+ 6mn − 4.

Hence, the total NCs of length three is

CN(n,m, 3) = mn − 2 +
(
m+1
2

)n − 3mn + 3 +
(
m+1
2

)n − 3mn + 3

+
(
m+2
3

)n − 4
(
m+1
2

)n
+ 6mn − 4

i.e., CN(n,m, 3) = mn − 2
(
m+1
2

)n
+
(
m+2
3

)n
or

CN(n,m, 3) = mn(m+1)n(m+2)n

6n − 2mn(m+1)n

2n +mn.

Example 2.1.5 blank

From Example 2.1.2, we have |X | = n = 2, |M | = m = 3. Then the

NCs of length three is

CN(2, 3, 3) =
32(3+1)2(3+2)2

62 − 2.32(3+1)2

22 + 32 = 37.

These are

0NT ⊂ ANT
1 ⊂ 1NT , 0NT ⊂ ANT

2 ⊂ 1NT , 0NT ⊂ ANT
3 ⊂ 1NT ,

0NT ⊂ ANT
4 ⊂ 1NT , 0NT ⊂ ANT

5 ⊂ 1NT , 0NT ⊂ ANT
6 ⊂ 1NT ,

0NT ⊂ ANT
7 ⊂ 1NT , 0NT ⊂ ANT

1 ⊂ ANT
2 , 0NT ⊂ ANT

1 ⊂ ANT
4 ,

0NT ⊂ ANT
1 ⊂ ANT

5 , 0NT ⊂ ANT
1 ⊂ ANT

7 , 0NT ⊂ ANT
2 ⊂ ANT

5 ,

0NT ⊂ ANT
3 ⊂ ANT

4 , 0NT ⊂ ANT
3 ⊂ ANT

5 , 0NT ⊂ ANT
3 ⊂ ANT

6 ,

0NT ⊂ ANT
3 ⊂ ANT

7 , 0NT ⊂ ANT
4 ⊂ ANT

5 , 0NT ⊂ ANT
4 ⊂ ANT

7 ,

0NT ⊂ ANT
6 ⊂ ANT

7 , ANT
1 ⊂ ANT

2 ⊂ 1NT , ANT
1 ⊂ ANT

4 ⊂ 1NT ,

ANT
1 ⊂ ANT

5 ⊂ 1NT , ANT
1 ⊂ ANT

7 ⊂ 1NT , ANT
2 ⊂ ANT

5 ⊂ 1NT ,

ANT
3 ⊂ ANT

4 ⊂ 1NT , ANT
3 ⊂ ANT

5 ⊂ 1NT , ANT
3 ⊂ ANT

6 ⊂ 1NT ,

ANT
3 ⊂ ANT

7 ⊂ 1NT , ANT
4 ⊂ ANT

5 ⊂ 1NT , ANT
4 ⊂ ANT

7 ⊂ 1NT ,
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ANT
6 ⊂ ANT

7 ⊂ 1NT , ANT
1 ⊂ ANT

2 ⊂ ANT
5 , ANT

1 ⊂ ANT
4 ⊂ ANT

5 ,

ANT
1 ⊂ ANT

4 ⊂ ANT
7 , ANT

3 ⊂ ANT
4 ⊂ ANT

5 , ANT
3 ⊂ ANT

4 ⊂ ANT
7 ,

ANT
3 ⊂ ANT

6 ⊂ ANT
7 .

Lemma 2.1.1 blank

In PM (X ), the number of antichains (NACs) of size 2 (having two ele-

ments) with 1NT as union and 0NT as intersection is 2n−1 − 1.

Proof:
Let (ti1, ti2, . . . , tin) and (tj1, tj2, . . . , tjn) form an antichain. These two

NSubs are different from 0NT and 1NT , and satisfy

tik ∩ tjk = (0, 1, 1) and tik ∪ tjk = (1, 0, 0) for each 1 ≤ k ≤ n.

That is tik = (0, 1, 1) if and only if tjk = (1, 0, 0), and tik = (1, 0, 0) if

and only if tjk = (0, 1, 1). Thus, (tj1, tj2, . . . , tjn) is automatically deter-

mined by (ti1, ti2, . . . , tin). There are exactly
(
n
1

)
such (ti1, ti2, . . . , tin)’s

containing exactly one (0, 1, 1),
(
n
2

)
such (ti1, ti2, . . . , tin)’s containing

exactly two (0, 1, 1), . . .,
(

n
n−1

)
such (ti1, ti2, . . . , tin)’s containing exactly

n − 1 (0, 1, 1)’s. That is, in total, we have,
(
n
1

)
+
(
n
2

)
+ · · · +

(
n

n−1

)
=

2n − 2 = 2(2n−1 − 1) different such (ti1, ti2, . . . , tin)’s. Since, each pair

of (ti1, ti2, . . . , tin) and corresponding (tj1, tj2, · · · , tjn) is repeated twice

by this process, we have exactly 2n−1 − 1 different antichains.

If m and n are positive integers such that n(m − 1) + 1 ≤ 2, or

equivalently n(m−1) ≤ 1, and since we assumed that n ≥ 1 and m ≥ 2,

we obtain m = 2 and n = 1.

It is easy to check that there is no such antichain of size two in this

case, which is consistent with the obtained formula. This completes the

proof of the lemma.

Proposition 2.1.8 blank

For a finite set X whose neutrosophic values lie in M , |M | ≥ 2,

|P (X )| ≤ |PM (X ) |.
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Proof:
Let |X | = n and |M | = m,m ≥ 2. Then |P (X )| = 2n and |PM (X ) | =
mn,m ≥ 2. This clearly shows that |P (X )| ≤ |PM (X ) |.

2.2 Cardinalities of the Neutrosophic Crisp Set

This section discusses the work related to the counting of neutrosophic

crisp subsets.

Definition 2.2.1 blank

The set of all neutrosophic crisp subsets of a non-empty finite set X

is called the neutrosophic crisp power set of X . The notation for the

neutrosophic crisp power set of X is PNCr (X ) and its cardinality is

denoted by |PNCr (X ) |.

Proposition 2.2.1 blank

A set X with |X | = n has

(3.2n − 4) + 3!

{
n∑

i=2

S(i, 2)

(
n

i

)
+

n∑
j=3

S(j, 3)

(
n

j

)}

neutrosophic crisp subsets.

Proof:
Let |X | = n, then |P (X )| = 2n =

∑n
i=0

(
n
i

)
. If A = ⟨A1,A2,A3⟩,

where A1,A2,A3 are subsets of X such that A1 ∩ A2 = A1 ∩ A3 =

A2 ∩ A3 = ∅. Then A is a neutrosophic crisp subset of X . Trivially,

ϕN and XN are always in the power set of the neutrosophic crisp subset

of X as they are the smallest and the largest neutrosophic crisp subset of

X . Since, A has three components A1,A2, and A3, which are chosen

in the following three ways.

Firstly, choose two components of A as ∅, and the other by any neu-

trosophic crisp proper subset of X say A1. Then A1 is chosen in
(
n
i

)
, 1 ≤
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i ≤ n−1 ways. Therefore, A1 is chosen in
∑n−1

i=1

(
n
i

)
different ways. We

can place A1 in any of the three places in 3
∑n−1

i=1

(
n
i

)
= 3(2n − 2) differ-

ent ways.

Secondly, choose one component of A as ∅ and then other two by

two neutrosophic crisp proper subsets of X say A1 and A2 such that

A1 ∩ A2 = ∅. We can place Ak, k = 1, 2 in any of the two places in

6 different ways. For a particular set Ak, we have
(
n
i

)
S(i, 2), 2 ≤ i ≤

n different ways. Therefore, the total number of ways to choose A is

6
∑n

i=2

(
n
i

)
S(i, 2).

Thirdly, choose each three component of A as neutrosophic crisp

proper subsets of X say A1, A2 and A3 such that A1∩A2 = A1∩A3 =

A2 ∩ A3 = ∅. We can place Ak, k = 1, 2, 3 in any of the three places in

6 different ways. For a particular set Ak, we have,
(
n
j

)
S(j, 3), 3 ≤ j ≤ n

different ways.

Therefore, the total number of ways to choose A is 6
∑n

j=3

(
n
j

)
S(j, 3).

Hence, the total number of neutrosophic crisp subset of X is

2 + 3(2n − 2) + 3!

{
n∑

i=2

S(i, 2)

(
n

i

)
+

n∑
j=3

S(j, 3)

(
n

j

)}

i.e.,

(3.2n − 4) + 3!

{
n∑

i=2

S(i, 2)

(
n

i

)
+

n∑
j=3

S(j, 3)

(
n

j

)}
.

Example 2.2.1 blank

Let X = {u} and so |X | = n = 1, then the neutrosophic crisp subsets

of X are ϕN = ⟨∅, ∅,X ⟩,XN = ⟨X , ∅, ∅⟩.
Therefore, the number of neutrosophic crisp subsets of X = 2 = (3.21−
4) + 3!

{∑1
i=2S(i, 2)

(
1
i

)
+
∑1

j=3S(j, 3)
(
1
j

)}
.

37



Corollary 2.2.1 blank

If |X | = n, then the cardinality of the power set of NCrS of X is

|PNCr (X ) | = (3.2n− 4)+3!

{
n∑

i=2

S(i, 2)

(
n

i

)
+

n∑
j=3

S(j, 3)

(
n

j

)}
.

Proof:
By Definition 2.2.1 and Proposition 2.2.1, we can obtained the cardinality

of the power set of NCrS of X , which is

|PNCr (X ) | = (3.2n− 4)+3!

{
n∑

i=2

S(i, 2)

(
n

i

)
+

n∑
j=3

S(j, 3)

(
n

j

)}
.

Example 2.2.2 blank

Let X = {u, v} and so |X | = n = 2, then the neutrosophic crisp

subsets of X are

ϕN = ⟨∅, ∅,X ⟩, XN = ⟨X , ∅, ∅⟩, A1 = ⟨∅, ∅, {u}⟩,
A2 = ⟨∅, {u}, ∅}⟩, A3 = ⟨{u}, ∅, ∅⟩, A4 = ⟨∅, ∅, {v}⟩,
A5 = ⟨∅, {v}, ∅}⟩, A6 = ⟨{v}, ∅, ∅⟩, A7 = ⟨∅, {u}, {v}⟩,
A8 = ⟨{u}, ∅, {v}⟩, A9 = ⟨{u}, {v}, ∅⟩, A10 = ⟨∅, {v}, {u}⟩,
A11 = ⟨{v}, ∅, {u}⟩, A12 = ⟨{v}, {u}, ∅⟩.

Therefore,

|PNCr (X ) | = 14

= (3.22 − 4) + 3!
{∑2

i=2S(i, 2)
(
2
i

)
+
∑2

j=3S(j, 3)
(
2
j

)}
.

Proposition 2.2.2 blank

For a non-empty finite set X ,

|P (X )| ≤ |PNCr (X ) |.

Proof:
Let |X | = n. Then, |P (X )| = 2n and |PNCr (X ) | = (3.2n − 4) +

3!{
∑n

i=2S(i, 2)
(
n
i

)
+
∑n

j=3S(j, 3)
(
n
j

)
}.
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Now, let T = 3!{
∑n

i=2S(i, 2)
(
n
i

)
+
∑n

j=3S(j, 3)
(
n
j

)
} and clearly, T ≥ 0

for n ≥ 1.

Then, |PNCr (X ) | = (3.2n − 4) + T

= 2n + 4(2n−1 − 1) + T

≥ 2n as 4(2n−1 − 1) ≥ 0 and T ≥ 0 for n ≥ 1

≥ |P (X )|.
Hence, |P (X )| ≤ |PNCr (X ) |.

Example 2.2.3 blank

(i) From Example 2.2.1, we have |X | = n = 1 and using Corol-

lary 2.2.1, |PNCr (X ) | = 2. Also for |X | = n = 1, we get

|P (X )| = 2n = 21 = 2. This clearly shows that |P (X )| =

|PNCr (X ) |.

(ii) From Example 2.2.2, we have |X | = n = 2 and |PNCr (X ) | =
14. Also for |X | = n = 2, we get |P (X )| = 2n = 22 = 4. This

clearly shows that |P (X )| < |PNCr (X ) |.
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