
CHAPTER 3

Number of Neutrosophic Topological Spaces on a
Finite Set

In this chapter, for a finite set X with neutrosophic values in M , the

number of neutrosophic topological spaces with two, three, and four

neutrosophic open sets have been computed. Also, the number of neu-

trosophic bitopological spaces and the number of neutrosophic tritopo-

logical spaces with k (k = 2, 3, 4) neutrosophic open sets on finite sets

have been calculated. Moreover, it has been found that the formulae for

NNTS, NNBTS, and NNTRS are related to one another. The formulae for

the number of chains presented in Chapter 2 have been helpful in this

chapter.

3.1 Number of Neutrosophic Topological Spaces

Proposition 3.1.1 blank

The NNTs on X , whose neutrosophic values lies in M , is finite if and

only if both X and M are finite.

The results discussed in this chapter have been published in the journal, Basumatary, B. and Ba-
sumatary, J. (2023). Number of Neutrosophic Topological Spaces on Finite Set with k ≤ 4 Open Sets.
Neutrosophic Sets and Systems, 53:508-518.
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Proof:
If X and M are both finite of cardinalities n and m respectively, then a

NT on X is a collection of elements of NX . Therefore, the number of

NTs cannot exceed 2m
n

.

On the other hand, if X is infinite, let v1, v2, . . . , vn, . . . be an in-

finite sequence of elements of X , and let U1
v be the NSub defined by

U1
v (v) = (1, 0, 0) and U1

v (x) = (0, 1, 1) for every x ̸= v. Let τi =

{0NT ,U1
vi
, 1NT}. Then, τi, i ≥ 1, is an infinite collection of NTs of NX .

Finally if M is infinite, let t1, t2, · · · , tm, · · · be an infinite sequence of

elements of M , and let Ut be the NSub defined by Ut(v) = t for ev-

ery v ∈ X . Let σi = {0NT ,Uti, 1NT}. Then σi, i ≥ 1 is an infinite

collection of NTs of NX . This proves the proposition.

3.2 Number of NTSs having 2-Neutrosophic Open Sets

Proposition 3.2.1 blank

In NX , the NNTSs having 2-NOSs is one i.e., TNT
X (n,m, 2) = 1.

Proof:
The NT having 2-NOSs is the indiscrete NT which is TNT

1 = {0NT , 1NT}.

Hence, TNT
X (n,m, 2) = 1.

3.3 Number of NTSs having 3-Neutrosophic Open Sets

Proposition 3.3.1 blank

In NX , the NNTs having 3-NOSs is mn−2 i.e., TNT
X (n,m, 3) = mn−2.

Proof:
The NTs with exactly 3-NOSs necessarily consists of a chain containing

0NT , 1NT and any NSub of X . In this case, the NOSs in NTs are in the

chain of the form 0NT ⊂ ANT
1 ⊂ 1NT , where ANT

1 is any NSub of X .

Hence, TNT
X (n,m, 3) = mn − 2.
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Example 3.3.1 blank

Let X = {u, v} and M = {(0, 1, 1), (0.6, 0.1, 0.2), (1, 0, 0)}.

It is seen that, |X | = n = 2, |M | = m = 3. Then, the number of

elements in NX i.e., |NX | = 32 = 9. These are

0NT , 1NT , ANT
1 = ⟨ u

(0,1,1) ,
v

(0.6,0.1,0.2)⟩,
ANT

2 = ⟨ u
(0,1,1) ,

v
(1,0,0)⟩, ANT

3 = ⟨ u
(0.6,0.1,0.2) ,

v
(0,1,1)⟩,

ANT
4 = ⟨ u

(0.6,0.1,0.2) ,
v

(0.6,0.1,0.2)⟩, ANT
5 = ⟨ u

(0.6,0.1,0.2) ,
v

(1,0,0)⟩,
ANT

6 = ⟨ u
(1,0,0) ,

v
(0,1,1)⟩, ANT

7 = ⟨ u
(1,0,0) ,

v
(0.6,0.1,0.2)⟩.

Therefore, TNT
X (2, 3, 3) = 32 − 2 = 7.

The NTs having 3-NOSs are

τNT
1 = {0NT , 1NT , ANT

1 }, τNT
2 = {0NT , 1NT , ANT

2 },

τNT
3 = {0NT , 1NT , ANT

3 }, τNT
4 = {0NT , 1NT , ANT

4 },

τNT
5 = {0NT , 1NT , ANT

5 }, τNT
6 = {0NT , 1NT , ANT

6 },

τNT
7 = {0NT , 1NT , ANT

7 }.

3.4 Number of NTSs having 4-Neutrosophic Open Sets

An arbitrary NT with 4-NOSs is a NT consisting of 1NT , 0NT and other

two NSubs. These NSubs are either chain of 2-elements or antichain of

size 2 having 1NT and 0NT as union and intersection respectively.

Proposition 3.4.1 blank

In NX , the NNTs with 4-NOSs is

TNT
X (n,m, 4) =

(
m(m+ 1)

2

)n

− 3mn + 2n−1 + 2.

Proof:
There are

(
m+1
2

)n − 3mn + 3 NCs of length four having both 0NT and

1NT (Following Proposition 2.1.4 and Corollary 2.1.1). These chains

form NTs with 4-NOSs. So, the NNT with 4-NOSs which are in chain is(
m+1
2

)n − 3mn + 3.
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Also, there are 2n−1 − 1 antichains of size 2 with 1NT as union and

0NT as intersection (Following Lemma 2.1.1). These antichains together

with 0NT and 1NT form NT with 4-NOS. So, the number of antichain

NTs with 4-NOSs is 2n−1 − 1.

Hence, in total, the NNTs with 4-NOSs is

TNT
X (n,m, 4) =

(
m(m+ 1)

2

)n

− 3mn + 2n−1 + 2.

Example 3.4.1 blank

Let X = {u, v} and M = {(0, 1, 1), (0.1, 0.3, 0.8), (1, 0, 0)}. There-

fore, |NX | = 32 = 9. These NSubs are

0NT = ⟨ u
(0,1,1) ,

v
(0,1,1)⟩, 1NT = ⟨ u

(1,0,0) ,
v

(1,0,0)⟩,
ANT

1 = ⟨ u
(0,1,1) ,

v
(1,0.3,0.8)⟩, ANT

2 = ⟨ u
(0,1,1) ,

v
(1,0,0)⟩,

ANT
3 = ⟨ u

(0.1,0.3,0.8) ,
v

(0,1,1)⟩, ANT
4 = ⟨ u

(0.1,0.3,0.8) ,
v

(0.1,0.3,0.8)⟩,
ANT

5 = ⟨ u
(0.1,0.3,0.8) ,

v
(1,0,0)⟩, ANT

6 = ⟨ u
(1,0,0) ,

v
(0,1,1)⟩,

ANT
7 = ⟨ u

(1,0,0) ,
v

(0.1,0.3,0.8)⟩.
In this case, n = 2,m = 3, therefore,

TNT
X (2, 3, 4) =

(
3(3+1)

2

)2
− 3.32 + 22−1 + 2 = 62 − 23 = 13.

These NTs with 4-NOSs are

τNT
1 = {0NT , 1NT ,ANT

1 ,ANT
2 }, τNT

2 = {0NT , 1NT ,ANT
1 ,ANT

4 },

τNT
3 = {0NT , 1NT ,ANT

1 ,ANT
5 }, τNT

4 = {0NT , 1NT ,ANT
1 ,ANT

7 },

τNT
5 = {0NT , 1NT ,ANT

2 ,ANT
5 }, τNT

6 = {0NT , 1NT ,ANT
2 ,ANT

6 },

τNT
7 = {0NT , 1NT ,ANT

3 ,ANT
4 }, τNT

8 = {0NT , 1NT ,ANT
3 ,ANT

5 },

τNT
9 = {0NT , 1NT ,ANT

3 ,ANT
6 }, τNT

10 = {0NT , 1NT ,ANT
3 ,ANT

7 },

τNT
11 = {0NT , 1NT ,ANT

4 ,ANT
5 }, τNT

12 = {0NT , 1NT ,ANT
4 ,ANT

7 },

τNT
13 = {0NT , 1NT ,ANT

6 ,ANT
7 }.

Here, the only antichain NTs in NX is τNT
6 with 0NT and 1NT as inter-

section and union respectively.
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3.5 Number of Neutrosophic Bitopological Spaces

In this section, the NBTS having 3-NOSs in NTs defines the NBTS of the

form (X , τNT
i , τNT

j ), where τNT
i , τNT

j are identical or non-identical NTs

having 3-NOSs, and the NBTS having 3-NOSs in NTs without repetition

defines the NBTS of the form (X , τNT
i , τNT

j ), where τNT
i , τNT

j are non-

identical NTs having 3-NOSs. Similar meaning is extended to the NBTS

having 4-NOSs in NTs.

Proposition 3.5.1 blank

In NX , the NNBTS with 2-NOSs in NTs is

(TNT
i ,TNT

j )NT
X (n,m, 2) = 1.

Proof:
Following Proposition 3.2.1, TNT

X (n,m, 4)(n,m, 2) = 1 which is the

indiscrete topology τNT
1 = {0NT , 1NT}. Hence, NBTS with 2-NOSs is

only one i.e., (X , τNT
1 , τNT

1 ).

Proposition 3.5.2 blank

In NX , the NNBTSs having 3-NOSs in NTs is

(TNT
i ,TNT

j )NT
X (n,m, 3) =

(
TNT

X (n,m, 3) + 1

2

)
=

m2n − 3mn + 2

2
.

Proof:
Let TNT

X (n,m, 3) = nt and τNT
1 , τNT

2 , . . . , τNT
nt

be the NTs with 3-NOSs

on X .

Let BNT
i be the collection of NBTSs on X having 3-NOSs in NTs, i.e.,

BNT
i = {(X , τNT

i , τNT
j ) : 1 ≤ j ≤ i}, i = 1, 2, . . . , nt}.

Then,

BNT
1 = {(X , τNT

1 , τNT
1 )},

BNT
2 = {(X , τNT

2 , τNT
1 ), (X , τNT

2 , τNT
2 )},

BNT
3 = {(X , τNT

3 , τNT
1 ), (X , τNT

3 , τNT
2 ), (X , τNT

3 , τNT
3 )},
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...

BNT
nt

= {(X , τNT
nt

, τNT
1 ), (X , τNT

nt
, τNT

2 ), . . . , (X , τNT
nt

, τNT
nt

)}.

This shows that, |BNT
1 | = 1,|BNT

2 | = 2,. . .,|BNT
nt

| = nt and
⋃nt

i=1B
NT
i

contains all the NBTSs having 3-NOSs in NTs on X .

Therefore,

(TNT
i ,TNT

j )NT
X (n,m, 3) = cardinality of

⋃nt

i=1B
NT
i

=
∑nt

i=1 |BNT
i |, as BNT

i are distinct

= |BNT
1 |+ |BNT

2 |+ . . .+ |BNT
nt

|
= 1 + 2 + 3 + . . .+ nt

= nt(nt+1)
2

= nt(nt+1)(nt−1)!
2(nt−1)!

=
(
nt+1
2

)
Hence, the NNBTSs having 3-NOSs in NTs on X is

(TNT
i ,TNT

j )NT
X (n,m, 3) =

(
nt+1
2

)
=
(
TNT

X (n,m,3)+1
2

)
.

Since, TNT
X (n,m, 3) = mn − 2.

We have,

(TNT
i ,TNT

j )NT
X (n,m, 3) = m2n−3mn+2

2 .

Example 3.5.1 blank

Example 3.3.1 gives TNT
X (2, 3, 3) = 7. Therefore,

(TNT
i ,TNT

j )NT
X (2, 3, 3) =

(
TNT

X (2, 3, 3) + 1

2

)
= 28.

Then, these NBTSs are

(X , τNT
1 , τNT

1 ), (X , τNT
1 , τNT

2 ), (X , τNT
1 , τNT

3 ), (X , τNT
1 , τNT

4 ),

(X , τNT
1 , τNT

5 ), (X , τNT
1 , τNT

6 ), (X , τNT
1 , τNT

7 ), (X , τNT
2 , τNT

2 ),

(X , τNT
2 , τNT

3 ), (X , τNT
2 , τNT

4 ), (X , τNT
2 , τNT

5 ), (X , τNT
2 , τNT

6 ),

(X , τNT
2 , τNT

7 ), (X , τNT
3 , τNT

3 ), (X , τNT
3 , τNT

4 ), (X , τNT
3 , τNT

5 ),

(X , τNT
3 , τNT

6 ), (X , τNT
3 , τNT

7 ), (X , τNT
4 , τNT

4 ), (X , τNT
4 , τNT

5 ),

(X , τNT
4 , τNT

6 ), (X , τNT
4 , τNT

7 ), (X , τNT
5 , τNT

5 ), (X , τNT
5 , τNT

6 ),

(X , τNT
5 , τNT

7 ), (X , τNT
6 , τNT

6 ), (X , τNT
6 , τNT

7 ), (X , τNT
7 , τNT

7 ).
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Proposition 3.5.3 blank

In NX , the NNBTSs having 3-NOSs in NTs without repetition is

(TNT
i ,TNT

j )NT
X (n,m, 3) =

(
TNT

X (n,m, 3)

2

)
.

Proof:
Let TNT

X (n,m, 3) = nt and τNT
1 , τNT

2 , . . . , τNT
nt

be the NTs with 3-NOSs

on X .

Let B
′NT
i be the collection of NBTSs on X having 3-NOSs in NTs with-

out repetition, i.e.,

B
′

i

NT
= {(X , τNT

i , τNT
j ) : i < j ≤ ηt}, i = 1, 2, . . . , nt − 1.

Then,

BNT
1 =

{
(X , τNT

1 , τNT
2 ), (X , τNT

1 , τNT
3 ),

(X , τNT
1 , τNT

4 ), . . . , (X , τNT
1 , τNT

nt
)

}
,

BNT
2 =

{
(X , τNT

2 , τNT
3 ), (X , τNT

2 , τNT
4 ),

(X , τNT
2 , τNT

5 ), . . . , (X , τNT
2 , τNT

nt
)

}
,

BNT
3 =

{
(X , τNT

3 , τNT
4 ), (X , τNT

3 , τNT
5 ),

(X , τNT
3 , τNT

6 ), . . . , (X , τNT
3 , τNT

nt
)

}
,

...

BNT
nt−2 = {(X , τNT

nt−2, τ
NT
nt−1), (X , τNT

nt−2, τ
NT
nt

)},

BNT
nt−1 = {(X , τNT

nt−1, τ
NT
nt

)}.

This shows that,

|BNT
1 | = nt − 1, |BNT

2 | = nt − 2, . . . , |BNT
nt−2| = 2, |BNT

nt−1| = 1 and⋃nt−1
i=1 BNT

i contains all the NBTSs having 3-NOSs in NTs without repe-

tition on X . Therefore,

(TNT
i ,TNT

j )NT
X (n,m, 3) = cardinality of

⋃nt−1
i=1 BNT

i

=
∑nt−1

i=1 |BNT
i |, as Ai are distinct

= |BNT
1 |+ |BNT

2 |+ . . .+ |BNT
nt−1|

= (nt − 1) + (nt − 2) + . . .+ 2 + 1

= 1 + 2 + . . .+ (nt − 2) + (nt − 1)

= nt(nt−1)
2
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= nt(nt−1)(nt−2)!
2(nt−2)!

=
(
nt

2

)
=
(
TNT

X (n,m,3)
2

)
.

Hence, the NNBTSs having 3-NOSs in NTs without repetition is

(TNT
i ,TNT

j )NT
X (n,m, 3) =

(
TNT

X (n,m,3)
2

)
.

Example 3.5.2 blank

Following Example 3.3.1 and Proposition 3.5.3, the NNBTSs without rep-

etition is 21 =
(
TNT

X (2,3,3)
2

)
=
(
7
2

)
.

Proposition 3.5.4 blank

In NX , the NNBTSs having 4-NOSs in NTs is

(TNT
i ,TNT

j )NT
X (n,m, 4) =

(
TNT

X (n,m, 4) + 1

2

)
.

Proof:
The proof of this proposition can be done in the same manner as Propo-

sition 3.5.2.

Example 3.5.3 blank

Let X = {u, v} and M = {(0, 1, 1), (0.1, 0.3, 0.8), (1, 0, 0)}.

Then, TNT
X (2, 3, 4) = 13 and the NNBTSs is

(TNT
i ,TNT

j )NT
X (2, 3, 4) =

(
TNT

X (2,3,4)+1
2

)
= 91.

These NBTSs are

(X , τNT
1 , τNT

1 ), (X , τNT
1 , τNT

2 ), (X , τNT
1 , τNT

3 ), (X , τNT
1 , τNT

4 ),

(X , τNT
1 , τNT

5 ), (X , τNT
1 , τNT

6 ), (X , τNT
1 , τNT

7 ), (X , τNT
1 , τNT

8 ),

(X , τNT
1 , τNT

9 ), (X , τNT
1 , τNT

10 ), (X , τNT
1 , τNT

11 ), (X , τNT
1 , τNT

12 ),

(X , τNT
1 , τNT

13 ), (X , τNT
2 , τNT

2 ), (X , τNT
2 , τNT

3 ), (X , τNT
2 , τNT

4 ),

(X , τNT
2 , τNT

5 ), (X , τNT
2 , τNT

6 ), (X , τNT
2 , τNT

7 ), (X , τNT
2 , τNT

8 ),

(X , τNT
2 , τNT

9 ), (X , τNT
2 , τNT

10 ), (X , τNT
2 , τNT

11 ), (X , τNT
2 , τNT

12 ),

(X , τNT
2 , τNT

13 ), (X , τNT
3 , τNT

3 ), (X , τNT
3 , τNT

4 ), (X , τNT
3 , τNT

5 ),

(X , τNT
3 , τNT

6 ), (X , τNT
3 , τNT

7 ), (X , τNT
3 , τNT

8 ), (X , τNT
3 , τNT

9 ),
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(X , τNT
3 , τNT

10 ), (X , τNT
3 , τNT

11 ), (X , τNT
3 , τNT

12 ), (X , τNT
3 , τNT

13 ),

(X , τNT
4 , τNT

4 ), (X , τNT
4 , τNT

5 ), (X , τNT
4 , τNT

6 ), (X , τNT
4 , τNT

7 ),

(X , τNT
4 , τNT

8 ), (X , τNT
4 , τNT

9 ), (X , τNT
4 , τNT

10 ), (X , τNT
4 , τNT

11 ),

(X , τNT
4 , τNT

12 ), (X , τNT
4 , τNT

13 ), (X , τNT
5 , τNT

5 ), (X , τNT
5 , τNT

6 ),

(X , τNT
5 , τNT

7 ), (X , τNT
5 , τNT

8 ), (X , τNT
5 , τNT

9 ), (X , τNT
5 , τNT

10 ),

(X , τNT
5 , τNT

11 ), (X , τNT
5 , τNT

12 ), (X , τNT
5 , τNT

13 ), (X , τNT
6 , τNT

6 ),

(X , τNT
6 , τNT

7 ), (X , τNT
6 , τNT

8 ), (X , τNT
6 , τNT

9 ), (X , τNT
6 , τNT

10 ),

(X , τNT
6 , τNT

11 ), (X , τNT
6 , τNT

12 ), (X , τNT
6 , τNT

13 ), (X , τNT
7 , τNT

7 ),

(X , τNT
7 , τNT

8 ), (X , τNT
7 , τNT

9 ), (X , τNT
7 , τNT

10 ), (X , τNT
7 , τNT

11 ),

(X , τNT
7 , τNT

12 ), (X , τNT
7 , τNT

13 ), (X , τNT
8 , τNT

8 ), (X , τNT
8 , τNT

9 ),

(X , τNT
8 , τNT

10 ), (X , τNT
8 , τNT

11 ), (X , τNT
8 , τNT

12 ), (X , τNT
8 , τNT

13 ),

(X , τNT
9 , τNT

9 ), (X , τNT
9 , τNT

10 ), (X , τNT
9 , τNT

11 ), (X , τNT
9 , τNT

12 ),

(X , τNT
9 , τNT

13 ), (X , τNT
10 , τNT

10 ), (X , τNT
10 , τNT

11 ), (X , τNT
10 , τNT

12 ),

(X , τNT
10 , τNT

13 ), (X , τNT
11 , τNT

11 ), (X , τNT
11 , τNT

12 ), (X , τNT
11 , τNT

13 ),

(X , τNT
12 , τNT

12 ), (X , τNT
12 , τNT

13 ), (X , τNT
13 , τNT

13 ).

Proposition 3.5.5 blank

In NX , the NNBTSs having 4-NOSs in NTs without repetition is

(TNT
i ,TNT

j )NT
X (n,m, 4) =

(
TNT

X (n,m, 4)

2

)
.

Proof:
The proof of this proposition can be done in the same manner as Propo-

sition 3.5.3.

Example 3.5.4 blank

Following Example 3.4.1 and Proposition 3.5.5, the NNBTSs without rep-

etition is 78 =
(
TNT

X (2,3,4)
2

)
=
(
13
2

)
.
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3.6 Number of Neutrosophic Tritopological Spaces

In this section, the NTRS having 3-NOSs in NTs defines the NTRS of

the form (X , τNT
i , τNT

j , τNT
k ), where τNT

i , τNT
j , and τNT

j are identical or

non-identical NTs having 3-NOSs and the NTRS having 3-NOSs in NTs

without repetition defines the NTRS of the form (X , τNT
i , τNT

j , τNT
k ),

where τNT
i , τNT

j , and τNT
j are non-identical NTs having 3-NOSs. Similar

meaning is extended to the NTRS having 4-NOSs in NTs.

Proposition 3.6.1 blank

In NX , the NNTRS with 2-NOSs in NTs is

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 2) = 1.

Proof:
In this case, NT with 2-NOSs is the indiscrete one i.e., τNT

1 = {0NT , 1NT}.

Therefore, the NNTRS with 2-NOSs is exactly one, namely, (X , τNT
1 , τNT

1 , τNT
1 ).

Hence, (TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 2) = 1.

Proposition 3.6.2 blank

In NX , the NNTRS with 3-NOSs in NTs is

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 3) =

(
TNT

X (n,m, 3) + 2

3

)
.

Proof:
Let TNT

X (n,m, 3) = nt and τNT
1 , τNT

2 , . . . , τNT
nt

be the NTs with 3-NOSs

on X .

Let TNT
i be the collection of NTRSs on X having 3-NOSs in NTs, i.e.,

TNT
i = {(X , τNT

p , τNT
q , τNT

r ) : p = i, 1 ≤ q ≤ p, q ≤ r ≤ p},

i = 1, 2, . . . , nt.
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Then,

TNT
1 = {(X , τNT

1 , τNT
1 , τNT

1 )},

TNT
2 =

{
(X , τNT

2 , τNT
1 , τNT

1 ), (X , τNT
2 , τNT

1 , τNT
2 ),

(X , τNT
2 , τNT

2 , τNT
2 ),

}
,

TNT
3 =


(X , τNT

3 , τNT
1 , τNT

1 ), (X , τNT
3 , τNT

1 , τNT
2 ), (X , τNT

3 , τNT
1 , τNT

3 ),

(X , τNT
3 , τNT

2 , τNT
2 ), (X , τNT

3 , τNT
2 , τNT

3 ),

(X , τNT
3 , τNT

3 , τNT
3 ),

,

...

TNT
nt

=


(X , τNT

nt
, τNT

1 , τNT
1 ), (X , τNT

nt
, τNT

1 , τNT
2 ), . . . , (X , τNT

nt
, τNT

1 , τNT
nt

),

(X , τNT
nt

, τNT
2 , τNT

2 ), (X , τNT
nt

, τNT
2 , τNT

3 ), . . . , (X , τNT
nt

, τNT
2 , τNT

nt
),

...

(X , τNT
nt

, τNT
nt

, τNT
nt

)

.

Here, |TNT
1 | = 1, |TNT

2 | = 3 = 1 + 2, |TNT
3 | = 6 = 1 + 2 + 3, . . . ,

|TNT
nt

| = 1 + 2 + 3 + . . . + nt. Also,
⋃nt

i=1 T
NT
i contains all the NTRSs

having 3-NOSs in NTs on X .

Therefore,

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 3) = cardinality of
⋃nt

i=1 T
NT
i

=
∑nt

i=1 |TNT
i |, as TNT

i are distinct

= |TNT
1 |+ |TNT

2 |+ . . .+ |TNT
nt

|
= 1 + (1 + 2) + (1 + 2 + 3)

+ . . .+ (1 + 2 + . . .+ nt)

= nt(nt+1)(nt+2)
6

= (nt+2)(nt+1)nt(nt−1)!
3!(nt−1)!

=
(
nt+2
3

)
=
(
TNT

X (n,m,3)+2
3

)
.

Hence, the NNTRSs having 3-NOSs in NTs on X is

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 3) =

(
TNT

X (n,m, 3) + 2

3

)
.
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Example 3.6.1 blank

Example 3.3.1 implies that TNT
X (2, 3, 3) = 7.

Therefore, (TNT
i ,TNT

j ,TNT
k )NT

X (2, 3, 3) =
(
TNT

X (2,3,3)+2
3

)
= 9×8×7

6 =

84.

These are

(X , τNT
1 , τNT

1 , τNT
1 ), (X , τNT

1 , τNT
1 , τNT

2 ), (X , τNT
1 , τNT

1 , τNT
3 ),

(X , τNT
1 , τNT

1 , τNT
4 ), (X , τNT

1 , τNT
1 , τNT

5 ), (X , τNT
1 , τNT

1 , τNT
6 ),

(X , τNT
1 , τNT

1 , τNT
7 ), (X , τNT

1 , τNT
2 , τNT

2 ), (X , τNT
1 , τNT

2 , τNT
3 ),

(X , τNT
1 , τNT

2 , τNT
4 ), (X , τNT

1 , τNT
2 , τNT

5 ), (X , τNT
1 , τNT

2 , τNT
6 ),

(X , τNT
1 , τNT

2 , τNT
7 ), (X , τNT

1 , τNT
3 , τNT

3 ), (X , τNT
1 , τNT

3 , τNT
4 ),

(X , τNT
1 , τNT

3 , τNT
5 ), (X , τNT

1 , τNT
3 , τNT

6 ), (X , τNT
1 , τNT

3 , τNT
7 ),

(X , τNT
1 , τNT

4 , τNT
4 ), (X , τNT

1 , τNT
4 , τNT

5 ), (X , τNT
1 , τNT

4 , τNT
6 ),

(X , τNT
1 , τNT

4 , τNT
7 ), (X , τNT

1 , τNT
5 , τNT

5 ), (X , τNT
1 , τNT

5 , τNT
6 ),

(X , τNT
1 , τNT

5 , τNT
7 ), (X , τNT

1 , τNT
6 , τNT

6 ), (X , τNT
1 , τNT

6 , τNT
7 ),

(X , τNT
1 , τNT

7 , τNT
7 ), (X , τNT

2 , τNT
2 , τNT

2 ), (X , τNT
2 , τNT

2 , τNT
3 ),

(X , τNT
2 , τNT

2 , τNT
4 ), (X , τNT

2 , τNT
2 , τNT

5 ), (X , τNT
2 , τNT

2 , τNT
6 ),

(X , τNT
2 , τNT

2 , τNT
7 ), (X , τNT

2 , τNT
3 , τNT

3 ), (X , τNT
2 , τNT

3 , τNT
4 ),

(X , τNT
2 , τNT

3 , τNT
5 ), (X , τNT

2 , τNT
3 , τNT

6 ), (X , τNT
2 , τNT

3 , τNT
7 ),

(X , τNT
2 , τNT

4 , τNT
4 ), (X , τNT

2 , τNT
4 , τNT

5 ), (X , τNT
2 , τNT

4 , τNT
6 ),

(X , τNT
2 , τNT

4 , τNT
7 ), (X , τNT

2 , τNT
5 , τNT

5 ), (X , τNT
2 , τNT

5 , τNT
6 ),

(X , τNT
2 , τNT

5 , τNT
7 ), (X , τNT

2 , τNT
6 , τNT

6 ), (X , τNT
2 , τNT

6 , τNT
7 ),

(X , τNT
2 , τNT

7 , τNT
7 ), (X , τNT

3 , τNT
3 , τNT

3 ), (X , τNT
3 , τNT

3 , τNT
4 ),

(X , τNT
3 , τNT

3 , τNT
5 ), (X , τNT

3 , τNT
3 , τNT

6 ), (X , τNT
3 , τNT

3 , τNT
7 ),

(X , τNT
3 , τNT

4 , τNT
4 ), (X , τNT

3 , τNT
4 , τNT

5 ), (X , τNT
3 , τNT

4 , τNT
6 ),

(X , τNT
3 , τNT

4 , τNT
7 ), (X , τNT

3 , τNT
5 , τNT

5 ), (X , τNT
3 , τNT

5 , τNT
6 ),

(X , τNT
3 , τNT

5 , τNT
7 ), (X , τNT

3 , τNT
6 , τNT

6 ), (X , τNT
3 , τNT

6 , τNT
7 ),

(X , τNT
3 , τNT

7 , τNT
7 ), (X , τNT

4 , τNT
4 , τNT

4 ), (X , τNT
4 , τNT

4 , τNT
5 ),

(X , τNT
4 , τNT

4 , τNT
6 ), (X , τNT

4 , τNT
4 , τNT

7 ), (X , τNT
4 , τNT

5 , τNT
5 ),

(X , τNT
4 , τNT

5 , τNT
6 ), (X , τNT

4 , τNT
5 , τNT

7 ), (X , τNT
4 , τNT

6 , τNT
6 ),

(X , τNT
4 , τNT

6 , τNT
7 ), (X , τNT

4 , τNT
7 , τNT

7 ), (X , τNT
5 , τNT

5 , τNT
5 ),
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(X , τNT
5 , τNT

5 , τNT
6 ), (X , τNT

5 , τNT
5 , τNT

7 ), (X , τNT
5 , τNT

6 , τNT
6 ),

(X , τNT
5 , τNT

6 , τNT
7 ), (X , τNT

5 , τNT
7 , τNT

7 ), (X , τNT
6 , τNT

6 , τNT
6 ),

(X , τNT
6 , τNT

6 , τNT
7 ), (X , τNT

6 , τNT
7 , τNT

7 ), (X , τNT
7 , τNT

7 , τNT
7 ).

Proposition 3.6.3 blank

In NX , the NNTRSs consisting 3-NOSs in NTs without repetition is

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 3) =

(
TNT

X (n,m, 3)

3

)
.

Proof:
Let TNT

X (n,m, 3) = nt and τNT
1 , τNT

2 , . . . , τNT
nt

be the NTs with 3-NOSs

on X .

Let T
′NT
i be the collection of NTRSs on X having 3-NOSs in NTs with-

out repetition, i.e.,

T
′
i = {(X , τNT

p , τNT
q , τNT

r ) : p = i, p < q < r ≤ nt},

i = 1, 2, . . . , nt − 2.

Then,

T
′NT
1 =


(X , τNT

1 , τNT
2 , τNT

3 ), (X , τNT
1 , τNT

2 , τNT
4 ), . . . , (X , τNT

1 , τNT
2 , τNT

nt
),

(X , τNT
1 , τNT

3 , τNT
4 ), . . . , (X , τNT

1 , τNT
3 , τNT

nt
),

...

(X , τNT
1 , τNT

nt−1, τ
NT
nt

)

,

T
′NT
2 =


(X , τNT

2 , τNT
3 , τNT

4 ), (X , τNT
2 , τNT

3 , τNT
5 ), . . . , (X , τNT

2 , τNT
3 , τNT

nt
),

(X , τNT
2 , τNT

4 , τNT
5 ), . . . , (X , τNT

2 , τNT
4 , τNT

nt
),

...

(X , τNT
2 , τNT

nt−1, τ
NT
nt

)

,

...

T
′NT
nt−3 =

{
(X , τNT

nt−3, τ
NT
nt−2, τ

NT
nt−1), (X , τNT

nt−3, τ
NT
nt−2, τ

NT
nt

),

(X , τNT
nt−3, τ

NT
nt−1, τ

NT
nt

)

}
,

T
′NT
nt−2 =

{
(X

′
, τNT

nt−2, τ
NT
nt−1, τ

NT
nt

)
}

.

Here,

|T′NT
1 | = 1 + 2 + . . .+ (nt − 2), |T′

2| = 1 + 2 + . . .+ (nt − 3), . . .,
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|T′
nt−3| = 1 + 2, |T′

nt−2| = 1.

Also,
⋃nt−2

i=1 T
′NT
i contains all the NTRSs having 3-NOSs without repeti-

tion on X .

Therefore, in this case,

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 3) = cardinality of
⋃nt−2

i=1 T
′NT
i

=
∑nt−2

i=1 |T′NT
i |, as T

′NT
i are distinct

= |T′NT
1 |+ |T′NT

2 |+ . . .+ |T′NT
nt−2|

= 1 + (1 + 2) + (1 + 2 + 3) + . . .

+ {1 + 2 + . . .+ (nt − 2)}
= nt(nt−1)(nt−2)

6

= nt(nt−1)(nt−2)(nt−3)!
3!(nt−3)!

=
(
TNT

X (n,m,3)
3

)
.

Hence, the NNTRSs consisting 3-NOSs in NTs without repetition is

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 3) =

(
TNT

X (n,m, 3)

3

)
.

Example 3.6.2 blank

From Example 3.3.1, TNT
X (2, 3, 3) = 7. In this case, the NTRSs having

3-NOSs in NTs without repetition are

(X , τNT
1 , τNT

2 , τNT
3 ), (X , τNT

1 , τNT
2 , τNT

4 ), (X , τNT
1 , τNT

2 , τNT
5 ),

(X , τNT
1 , τNT

2 , τNT
6 ), (X , τNT

1 , τNT
2 , τNT

7 ), (X , τNT
1 , τNT

3 , τNT
4 ),

(X , τNT
1 , τNT

3 , τNT
5 ), (X , τNT

1 , τNT
3 , τNT

6 ), (X , τNT
1 , τNT

3 , τNT
7 ),

(X , τNT
1 , τNT

4 , τNT
5 ), (X , τNT

1 , τNT
4 , τNT

6 ), (X , τNT
1 , τNT

4 , τNT
7 ),

(X , τNT
1 , τNT

5 , τNT
6 ), (X , τNT

1 , τNT
5 , τNT

7 ), (X , τNT
1 , τNT

6 , τNT
7 ),

(X , τNT
2 , τNT

3 , τNT
4 ), (X , τNT

2 , τNT
3 , τNT

5 ), (X , τNT
2 , τNT

3 , τNT
6 ),

(X , τNT
2 , τNT

3 , τNT
7 ), (X , τNT

2 , τNT
4 , τNT

5 ), (X , τNT
2 , τNT

4 , τNT
6 ),

(X , τNT
2 , τNT

4 , τNT
7 ), (X , τNT

2 , τNT
5 , τNT

6 ), (X , τNT
2 , τNT

5 , τNT
7 ),

(X , τNT
2 , τNT

6 , τNT
7 ), (X , τNT

3 , τNT
4 , τNT

5 ), (X , τNT
3 , τNT

4 , τNT
6 ),

(X , τNT
3 , τNT

4 , τNT
7 ), (X , τNT

3 , τNT
5 , τNT

6 ), (X , τNT
3 , τNT

5 , τNT
7 ),

(X , τNT
3 , τNT

6 , τNT
7 ), (X , τNT

4 , τNT
5 , τNT

6 ), (X , τNT
4 , τNT

5 , τNT
7 ),

(X , τNT
4 , τNT

6 , τNT
7 ), (X , τNT

5 , τNT
6 , τNT

7 ).
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Therefore, the NNTRSs consisting 3-NOSs in NTs without repetition is

(TNT
i ,TNT

j ,TNT
k )NT

X (2, 3, 3) = 35 =
(
TNT

X (2,3,3)
3

)
=
(
7
3

)
.

Proposition 3.6.4 blank

For the NNBTSs and NNTRSs having 3-NOSs in NTs,

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 3) = mn

3 (TNT
i ,TNT

j )NT
X (n,m, 3).

Proof:
Let TNT

X (n,m, 3) = mn − 2.

Then,

(TNT
i ,TNT

j )NT
X (n,m, 3) =

(
TNT

X (n,m,3)+1
2

)
and

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 3) =
(
TNT

X (n,m,3)+2
3

)
=
(
mn−2+2

3

)
=
(
mn

3

)
= mn(mn−1)(mn−2)(mn−3)!

3!(mn−3)!

= mn((mn−2)+1)(mn−2)(((mn−2)+1)−2)!
3×2!(((mn−2)+1)−2)!

= mn

3 ×
(
(mn−2)+1

2

)
.

Hence, (TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 3) = mn

3 ×(TNT
i ,TNT

j )NT
X (n,m, 3).

Example 3.6.3 blank

Example 3.5.1 and 3.6.1 provides

(TNT
i ,TNT

j )NT
X (n,m, 3) = 28

and

(TNT
i ,TNT

j ,TNT
k )NT

X (2, 3, 3) = 84.

Therefore,
32

3 (T
NT
i ,TNT

j )NT
X (n,m, 3) = 32

3 × 28

= 84

= (TNT
i ,TNT

j ,TNT
k )NT

X (2, 3, 3).
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Proposition 3.6.5 blank

In NX , the NNTRSs consisting 4-NOSs in NTs is

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 4) =

(
TNT

X (n,m, 4) + 2

3

)
.

Proof:
The proof of this proposition can be done in the same manner as Propo-

sition 3.6.2.

Example 3.6.4 blank

Example 3.4.1 implies, TNT
X (2, 3, 4) = 13. Then, the NNTRS having 4-

NOSs is

(TNT
i ,TNT

j ,TNT
k )NT

X (2, 3, 4) =
(
TNT

X (2,3,4)+2
3

)
= (13+2)(13+1)13

6

= 455.

Proposition 3.6.6 blank

In NX , the NNTRSs consisting 4-NOSs in NTs without repetition is

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 4) =

(
TNT

X (n,m, 4)

3

)
.

Proof:
The proof of this proposition can be done in the same manner as Propo-

sition 3.6.3.

Example 3.6.5 blank

From Example 3.4.1, TNT
X (2, 3, 4) = 13. Following Proposition 3.6.6,

the NNTRSs consisting 4-NOSs in NTs without repetition is

(TNT
i ,TNT

j ,TNT
k )NT

X (2, 3, 4) = 286.

Proposition 3.6.7 blank

For the NNBTSs and NNTRSs having 4-NOSs in NTs,

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 4) =
TNT

X (n,m,4)+2
3 (TNT

i ,TNT
j )NT

X (n,m, 4).
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Proof:
Let TNT

X (n,m, 4) = nt.

Then,

(TNT
i ,TNT

j )NT
X (n,m, 4) =

(
TNT

X (n,m,4)+1
2

)
=
(
nt+1
2

)
and

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 4) =
(
TNT

X (n,m,4)+2
3

)
=
(
nt+2
3

)
.

Now,

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 4) =
(
nt+2
3

)
= (nt+2)(nt+1)(nt)(nt−1)!

3!(nt−1)!

= (nt+2)
3 × (nt+1)(nt)(nt−1)!

2!(nt−1)!

= nt+2
3 ×

(
nt+1
2

)
= nt+2

3 ×(TNT
i ,TNT

j )NT
X (n,m, 4).

Therefore,

(TNT
i ,TNT

j ,TNT
k )NT

X (n,m, 4) =
TNT

X (n,m,4)+2
3 (TNT

i ,TNT
j )NT

X (n,m, 4).

Example 3.6.6 blank

Examples 3.4.1, 3.5.3 and 3.6.4 provides

TNT
X (2, 3, 4) = 13, (TNT

i ,TNT
j )NT

X (2, 3, 4) = 91,

and

(TNT
i ,TNT

j ,TNT
k )NT

X (2, 3, 4) = 455.

Therefore,
TNT

X (2,3,4)+2
3 × (TNT

i ,TNT
j )NT

X (2, 3, 4) = 13+2
3 × 91

= 455

= (TNT
i ,TNT

j ,TNT
k )NT

X (2, 3, 4).
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