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1. Choose the correct option of the following :
1x6=6

(l) For infinite dimensional normed space X with
. the closed unit ball M={x e X x|I<1}, then

~ by Riesz’s lemma we can construct a sequence
(x 2)» Which

(@) have convergent subsequence such that

X, eM,m#0)lIx, -x, ||z%
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(b) have convergent subsequence such that

1

o €M, (m=n)||x, =%, | -1

(c) cannot have convergent subsequence such
that x, €M, (m#n)|x, -x, |23
(d) cannothave ¢0nvergent subsequence such
that %, €M@ #n)llx, -x, 151
(i) Let T:X — Y.be a bounded lmeaf
transformation on normed spaces then whnch

". of the followmg is true ?

@ ITl= sup{IITXII xeX,IIxnsl}
® 1TIsp{I 2L xeX xwo]

© ITI=inf{K: KZOIITxII<K||x||Vex}
(@ All of the above are true
()If1+1 # 0 in the ﬁeldK, then the bilinear

form f can be obtained from the quadratic form
~ qbythe followmg polar form

(a) f(u,V)——[q(u+V) q(u)+q(v)]
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(®) £@v)=2fa+v)-qw-qo)]
© £oW=7l@+v)+q@-aW)]

@ £9)=5la+v)+q(u)+o(v)]

(iv) In a Fourier series x(t)=a, +Zk[ak cos kt+
b, sin kt], where u, (t)=coskt, v, (t) =sin kt
then the series can be written
x(t)=a, -ka[akuk (®) +bv(t)]. Let (e) and
(€;) be two orthonormal bases, then the inner
product form of the series will be .

~

(a) x =<5¢,eo > €y + Lt [<x,ek >e . +<X,e, >e,

-~

(b) Xx=<X,€,>€ + X [<x’ek >€—<X,6 >¢,

(d) x=<x,e,>€~ 2 [< X, € >ek+<x,ek >ek
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(V) LetM# ¢ be the subset of normed space X and

M be its closure, then there exists an element
XeM if and only if there exi

ists a sequence
(x )M such that :
(@) x not converges to x
(®) (x,)is closed
(©) (x,) is compact

(d). x, converges to x

(vi) Choose the correct statement ;

(@) A normed linear space is metric space
‘under d(x,y) || x~y]|.

. (b) An inner product space is a normed space
under | x |2=<x,x >

(¢) An inner product is a metric space under
dey =l x~y|l= J<x-y, X-y>
(d) All of the above.

2. Answer the following questions : 2%x5=10
(a) Define bounded line

in ” space, " fu"nm.ioﬂc':ll and describe
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(b) Let X be a normed space and let x,(#0)eX.

Then show that there exists a bounded
linear functional f* on X such that

[£7 =1, £ (x4) =ll %o Il -

(c) If x is orthogdnal to y then show that
lx+yiP=lx P+ P

(d) Let H be a Hilbert space and {e;} be an
orthonormal set in H. If x=3(x,¢,)e; then
show that || x|=|(x, ;) .

(¢) Find the symmetric matrix that corresponds to
the following quadratic forms :

qx,y,2)=3x" +4xy -y +8xz—6yz+2".

3. Answer any six of the following questions :
5x6=30

(a) State and prove Ricsz’s Lemma.

(b) Prove that- in @ finite dimensional Normed
. space X, any subset MCX is compact if and
only if M is closed and bounded.
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(©) Let (T) be a seq_ﬁenée of bounded linear
operators T, :X - Y from a Banach space X

to a normed space Y syc that - T,x[]) is

- bounded for VeIY x e X : Then show that the

- Sequence Qf the norms () T, 1)) is bounded.

() LetA bean eigen value 6f a linear operator T

on V. Then prove the following :

(@) IfT* =T they Al=1.

(@) IfT* =T thep 3 js real.

(iii) If T* =

(V) IfT=
Ppositive

~T then ) js mmgmary

orthonormg) S
Product gpsce X Sequence in an inn

- Then . show that
X I(x, e)s| x|, (Bessel's Inequality)
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3*S With S| # 0'then 2 i real and

' . ) . th
(h) IfPisa projection on a Hilbert spaclfol;vl vtnhat
range M and null space N tht?n‘ )
M _L N if and only if P is self-adjoint.

i ere X
@) Let T:X—Y be a linear mapping v;:::c:ha t
and Y be normed linear spaces. T!lm s owe
the following statements are eqmvalen
- another

-~

(i) T is continuous at any point X,
(ii) T is bounded,

(iii) If S = {x :]| x |I< 1} is closed unit sPhem inX
then its image is a bounded set in Y.

‘ following questions :
Answer any two of the 10 g o220

i lization
' -Schmidt Orthogona !
B G:l:ln apply to find an orthogonal basis
Pr?lct:xs SI; an orthonormal basis for the subspace
and the

anned b +7=10
U of R* sp by 3+7
Vv ""(l 1,1 l)' v, _-_'(1,2,4,5);\’3 =(l,—‘3,:—4,—2)_

1 T \1rdyis i)y

(B) State and prove Riesz's Theroem in Hilbert -

10
space.
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- be a sublinear
(b) LetXbeareal vector space and p

urth ml ?

| Then show
= : VXEZ.

! X and satisfies f(x)< p(x-)on ¢ from Z to X,
| that f has a linear extenst |

X,
satisfying f £ (x) <p(x), Vx €

5+5=10 !

(@) The space I, (p 2) is not a Hilbert space.

(b) The followings are €quivalent

; 1 meaning.)
D P=T2 for come self-adjoint operator | (All the symbols have th
T.

(i) P=g+g gy, some operator S, i.e., P >0

(iif) P is self-adjoint ang < Pu, u>2>0 for
Cveryu e v
o) AnsWer any one of the following questions : : |
. 14x1=14 |
(@) Prove that .

L., space s anormed Space as wel] ag complete
under the norm

£l,=[], 1t p WO]” , where p > 0 and £
be a Continugyg Complex va
function on X with meas

[P duiry <.

lued 'measurabl‘t:
ure u such tha

P -~ 160
T 203
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