CHAPTER 7

Multi-Neutro-Topological, Multi-Neutro-Bi-topological and
Multi-Anti-Topological Spaces

This chapter will be on the use of multisets in context to N-TS, A-TS and N-BTS. The
properties of interior, exterior, closure, and boundary that have been studied in N-TS,
A-TS, and N-B-TS will be studied with the use of multi-sets. The definition of Multiset
Topological space will be extended to define Multi-Neutro-Topological Space (M-N-
TS), Multi-Neutro-Bi-Topological Space (M-N-B-TS), Multi-Anti-Topological Space
(M-A-TS). Since a multiset is a set where the occurrence of elements in the set may be
more than one and also a multiset is exactly the same as the classical set when the
multicity of occurrence of the elements is restricted to unity, so most of the properties
that are valid for the neutro-interior, neutro-exterior, neutro-closure, and neutro-
boundary in N-TSs will be valid in M-N-TS. Similar will be case in the cases of the M-
A-TS and M-N-B-TS.

7.1  Multi-Neutro-Topological Space
Definition 7.1.1
Let M € [X]* and T € P*(M). We define a multi-neutro-topology (M-N-T) 7" on X if
any of the following three statements is satisfied by 7°:
(i) The m-set M or the empty set isnot in 7.
(i) Union of some members of the collection may not be in 7.

(iii)  Intersection of some members of the collection may not be in T°.

The space (M, T7) will be called a multi-neutro-topological space (M-N-TS) on X.

Remark 7.1.1
The member of the M-N-TS will be called multi-neutro-open msets or M-N-O msets and

the m-complement of such sets will be called multi-neutro-closed msets or M-N-C msets.

The neutro-topology part of this chapter has been communicated to an international journal for publication.



Example 7.1.1
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Let X ={a,b,c,d},n =4 and M = {-, ,%} be a multiset.
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Definition 7.1.2

Let (M,T) be a M-N-TS on X and let A be a submset of M. Then the multi-neutro-
interior (MN-Int, in short) of A is the union of multi-neutro-open (M-N-O) submsets of

A and is denoted by AMN-Int,

Example 7.1.2
Let X ={a,b,c,d}, n=4and M = {8,{-,7,2,2}. We can define a M-N-T on
1 2 2 2 1 2 3 2 2 2 3 2 2 2 2
Mas. T = {@,{;,Z},{Z,E},{;,;,Z},{Z,Z},{;,Z,E}}. SUppOSE that A = {Z,E,Z} then
MN-Int — (1 2y (2 2y 2 2y (22 2y _
A _{a’b}u{a'b}u{a'c}_{a'b'c}_dq'

Remark 7.1.2
The MN-Int of a submset A is not the largest M-N-O submset contained in A.

Proposition 7.1.1
For any submset A, AMN-I"t € 4. If A is M-N-O then AMN-Int = 4.

Remark 7.1.3
However, the converse of proposition 7.1.1 need not be true and example 7.1.2 shows
it. That is, if AMN~I"t = 4, then it is not necessary that A is M-N-O.

Proposition 7.1.2
Let (M,T) be a M-N-TS and A, B € M then the following results holds true:
(I) XMN—Int cXxX @MN—Int — @

(”) (CAMN—Int)MN—Int — quN—Int.



(iii)  If A < Bthen AMN-Int ¢ BMN-Int,
(iv) (A NBYMN-Int ¢ gMN=Int  BMN-Int

Proof:
(i) By proposition 7.1.1., we have: XMN=nt ¢ X,
By proposition 7.1.1., M¥N-"t ¢ @ and @ < @¢MN~"t and so, pMN It = @,
(i)  Let AMN-Int = g =y {Q;: each Q; is M-N-O}
Then(AMN-IntYMN-=Int — (Q)MN~-Int
=U {Q;: each Q; is M-N-O} = Q = AMN-Int
(iii)  We have by proposition 7.1.1, AMN-t ¢ .4 € B and hence AMN-t c B,
Now, AMN-Int js an mset which is contained in B and so it will either be the
MN-Int of B or contained in the MN-Int of B.
That iS, c,qMN—Int — BMN—ITLt or, quN—ITlt C BMN—Int C B.
In either case, AMN-Int c BMN-Int if 4 C B,
(iv)  The fact A NB S Awith (iii) will give: (A N B)MN-Int ¢ gMN-Int gngd
A NB S B with (iii) gives: (A N B)MN-Int ¢ BMN-Int therehy showing

that: (dq N B)MN—Int C cﬂMN_Int N BMN—Int

Definition 7.1.3

Let (M,T) be a M-N-TS on the set X and A € M, then the multi-neutro-exterior (MN-
Ext, in short) of A is defined as the union of the submsets of ccA which are M-N-O and
is denoted by AMN-EXt | That is, AMN~EXt =y {§;:§; € cA and each S; is M-N-O}.

We define: XMN-Ext — ¢ gnd gMN—Ext = ).

Proposition 7.1.3
If (M,T) isaM-N-TS on the set X and A, B € M, then:
(1) AMN-EXt C ¢4
(") c,QMN—Ext — (Cc/l)MN_mt
(III) c/qMN—Ext — [C(CAMN—Ext)]MN—Ext
(IV) quN—Int — (Ccﬂ)MN_EXt
(v) If A C B, then AMN-Ext o pMN-Ext
H MN—-Ext\MN—-Ext MN-Int
(vi) (A ) 2 A

(Vii) (c/l U B)MN—Ext c AMN-Ext  gMN-Ext



(viii)
(ix)
Proof:
()
(i)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

If A is M-N-C then AMN-EXt = ¢4
quN—Int ) C/ZMN_EXt — @

AMN=EXt = (¢ )MN-Int C ¢4 [by proposition 7.1.1]
By definition: AMN~EXt =y {Q;: Q; € cA and each Q; is M-N-O}
= (cAYMN-Int py definition of MN-Int
We have by (ii):
[C(CAMN—Ext)]MN—Ext — [C(CA)MN—Int]MN—Ext
— [C{C(CA)MN—Int}]MN—Int’ by (“)
— [(CCA)MN—Int]MN—Int’ C(qu) =A.
= (cA)MN-Int by proposition 7.1.2 (ii)]
— AMN-Ext
We have: (ccA)MN~EXt =y {Q;: Q; € c(cA) and each Q; is M-N-O}
=U {0Q;: 9; € A and each 9; is M-N-O}
— AMN-Int
We have A € B = ¢B S cA
= (cB)MN-Int ¢ (cA)MN=Int [y proposition 7.1.2 (iii)]
= BMN—Ext C C/ZMN_EXt
By (i) AMN-EXt c ¢4 and by (v) we have:
(AMN=EXtyMN—Ext 5 (c AYMN=Ext = (gc q)MN=Int = gMN-Int gand hence
(AMN-ExtyMN—Ext 5 gMN-Int
We have by (ii):
(c/l U B)MN—Ext — (C(cﬂ U B))MN—Int
— (Cc/l N CB)MN—Int
C (cAYMN-Int 0 (¢B)MN=Int [hy proposition 7.1.2 (iv)]
— c/qMN—ExL“ N c/qMN—Ext
Hence (CA U B)MN—Ext C quN—Ext N BMN—Ext
Let A be M-N-C, then cA is M-N-O.
Then by (ii) AMN-EXt = (cA)MN-INt = c.A [by proposition 7.1.1]
We have: quN—Int N c,qMN—Ext — quN—Int N (Cc/‘l)MN_mt

C (cﬂﬂCcﬂ)MN—Int



— gMN-Int — g
Hence, AMN-Int n AMN=EXt C ¢y = AMN=Int  AMN-EXt — ¢

Definition 7.1.4

Let (M,T) be a M-N-TS and A € M, then the multi-neutro-closure (MN-CI, in short)
of A is defined as the intersection of the MN-closed submsets containing 4 and will be
denoted by AMN=CL. Thus, AMN-C'=n{C:cA S CandCis M-N-C}. We define:
xMN—Cl =X and (DMN—Cl — @

Proposition 7.1.4

If A is M-N-C then AMN=CL = 4.

Remark 7.1.4

The converse of proposition 7.1.4 is not always true and can be seen from the following

example. Let X ={a,b,c,d},n =3 and M = {Q, {3 3,2,3} We define a M-N-T on

the mset Mas:T = {@,{;,;},{;,;} 15 ,Z,i} el B
ate: 3, G o) e ) G ) G Z 2

_133 MN-ct _ {2 1 23] f1123 123
Suppose that A { }thenc/l {a,b,c,d}n{a,b,c,d} {a . d} A.

2222
-

}. Here the M-N-C submsets

This shows that the MN-CI of a submset A is not always the largest M-N-C mset that
contain A. This also shows that AMN=¢! = A4 but A is not M-N-C.

Proposition 7.1.5
Let (M,T) be a M-N-TS and A, B € M, then the following holds:
(i) A S AMN-CL
(”) (CAMN—CI)MN—CZ — c/qMN—Cl
(iii) A CSB=> AMN-Cl c gMN-C
(iv) AMN-CL (j BMN-Cl (AU B)MN—CZ
(v) (A N BYMN-Cl ¢ gMN=Cl  GMN~CL
Proof:
M By definition the result is straight.
(i)  We have AMN=CL =n{C: A C € and C is M-N-C} = B(say). Here B is the

smallest submset containing A.



If B is M-N-C, then BMN~-C! = B by proposition 7.1.4 and we have the
result. However, if B is not M-N-C, which is possible by remark 7.1.4, then
BMN=Cl =0 {P: B € P and P is M-N-C},
=N{Q:A S Qand QisM-N-C} =B
This is because B is the smallest submset containing A and there will be no
other submsets containing A other than those that are larger than B and all
of which contains A.
(iii) By (i) A € AMN=Cland B € BMN-CL,
Now, BMN=Cl =n (P: B € P; P is M-N-C}
And A S B=> AMN-CL =n{Q: A € Q} N {P: B € P} = BMN-CL,
(iv) By (iii), A S AUB=> AMN-Cl c (A UB)MN-C
AndB € AUB = BYN-Cl c (A UB)MN-C
Hence AMN=Cl y BMN=Cl ¢ (4 U B)MN-CL,
(v)  By(iii), ANBCS A= (ANBMN-C c gMN-Cl
And ANBC B = (ANB)MN-Cl c gMN=Cl

Hence, (A N B)MN-CL ¢ AMN=CL y BMN—CL,

Proposition 7.1.6
Let (M,T) be a M-N-TS and A < M, then the following are relations between the
MN-Int and MN-CI:

(i) c(AMN=Inty = (g q)MN-CL

(i) (cAYMN=Int — (AMN=CL)

(i) AMN-Int = C((CA)MN—CZ)

(iv) C((CCA)MN—Int) — MN-CL

Proof:

(i) AMN=Int —y @, so that each Q; is M-N-O and Q; S A.
Thus, c(AMN-It) = ¢(U Q;) so that ¢(Q;) 2 c(A)
Or, c(AMN=Int) =n (cQ;) so that each cO; is M-N-C and c(A) S ¢(Q))
Or, c(AMN=Int) =n ¢; so that each C; is M-N-C and ¢(A) S C;
Or, c(AMN-Int) = (cA)MN-CL

(i)  AMN=¢l =n ¢; so that each C; is M-N-C and A € C;.
Thus, c(AMN=CH = ¢(n ¢;) so that c(A) 2 ¢(C))



or, c(AMN=CY) =u (cC;) so that each ¢C; is M-N-O and ¢(C;) S c(A)
or, c(AMN=CY) =u (Q;) so that each Q; is M-N-O and Q; S c(A)
or, c(AMN=CLY = (cA)MN-Int
(iii)  (ccAYMN=CL =n ¢;, where each C; is M-N-C and cA <€ C;.
S0, c(cAYMN=CL = ¢(n €;) so that c(cA) 2 cC;
Or, c(ccAYMN=CL =y (cC;) so that each cC; is M-N-O and cC; € A
or, c(ccAYMN=CL =y (D;) so that each D; is M-N-O and D; € A.
Or, c(cA)YMN-Cl = fMN-Int,
(iv)  (cAYMN-Int =y B, so that each B; is M-N-O and B; € cA
S0, c((ccAYMN=INty = ¢(uU B;) so that each B; is M-N-O and B; S cA
or, c((ccAYMN-Inty =n (¢B,;) so that each ¢B; is M-N-C and ¢B; 2 c(cA)
or, c((ccAYMN-Inty =n (¢;) so that each C; is M-N-C and A <€ C;.
Or, c((cA)YMN-Inty = gMN-CL,

Definition 7.1.5

Let (M,T) be a M-N-TS and A is a submset of M, then the multi-neutro-boundary
(MN-Bd, in short) of A, denoted by AMN~B2 s defined as:

AMN=Bd — gMN-CL  (cA)MN=CL In other words, the MN-Bd of A consists of all

those points that do not belong to the MN-Int or the MN-EXxt of A.

Proposition 7.1.7
Let A be any submset of a M-N-TS (M, 7")then defined over a set X then:
(I) C/qMN—Bd — c(c/lMN_I"t U quN—Ext)

(”) c/qMN—Int U (cdq)MN—Int — C(:flMN—Bd)

Proof:
(i) By definition, if x € AMN~B4 then x ¢ AMN~I" and x ¢ AMN-EX
& x @ AMN-Int ) gMN-Ext
& x € c(AMN-Int y fMN-Ext
Hence’ cAMN_Bd — C(CAMN—ITLL“ U CAMN—Ext)
(i)  We have, c(AMN=B) = c(AMN-CL N (ccAYMN-CD)
= c(AMN-BA) = ¢(AMN=CL) U c(cA)MN-C)

= c(AMN-B) = (cAYMN-ntl y AMN=Int [hy proposition 7.1.6 (ii), (iii)]



Hence, -;/lMN—mt U (CA)MN_lnt — C(quN—Bd).

7.2 Multi-Neutro-Bi-topological Spaces

Definition 7.2.1

If (77, M), (75, M) are two M-N-TSs defined on the multiset M which is defined on a
universe X, [7; and 7, maybe same or different] then the triplet (M, 73, 75) is defined to

be a multi-neutro-bi-topological space (M-N-B-TS, in short).

Remark 7.2.1

The submsets of M that are included in the M-N-T 73 will be called M-N-O with respect
to 73 and those included in the M-N-T 7, will be called M-N-O with respect to 75. In this
chapter too, no union or intersection of the submsets of M will be considered and the
submsets corresponding to the M-N-Ts will be studied separately. Similar will be the

case of the M-N-C submsets which are the complements of the M-N-O submsets.

Definition 7.2.2
Let (M,T73,7;) be a M-N-B-TS and A € M then the MN-Bi-interior of A is denoted by

A,\T;,f,'i”t and is defined as the MN-Int with respect to 7; of the MN-Int of A with
respect to 7.

That is: A2 ™ = (A2 T where A2 ™ =U {Q,: each Q, is T,-M-N-O and
Q; € A}

Thus, (Apzy ™)y ™ =U {0,: each 0, is T;-M-N-O and 0; € A2, ™.

Definition 7.2.3

Let (M,7;,7;) be a M-N-B-TS and A < M. If A is M-N-O with respect to both 7; and
T, then such submsets will be called 7;,-M-N-O and their complements will be called
7;,-M-N-C.

Proposition 7.2.1

Let (M, 7;,7;) be a M-N-B-TS and A € M. If A is T;,-M-N-O then A2~ = 4.

Remark 7.2.2
The converse of proposition 7.2.1 is not always true. That is, if ﬂ,{;ﬁ,‘i"t = A then A is

not necessarily 7;,-M-N-O and will be seen from the following example.



Let us consider X ={a,b,c,d} , n=3 and M=Z%

e ELEILLLELY . B LR LLY
and A = {S,%,%} where 77 and 7, are two M-N-Ts on M.

) ) Ty -int T,—Nint Ty —Nint
i R (T ) R (PR
Then A, 12 (AE™) LA =5

= {1} U {S%} U {%%} = {2,%,%} = A, but A is not 7;,-M-N-O.

a

Proposition 7.2.2
For a M-N-B-TS (M, 73, 7,) defined over X if A, B € M, then the results that follows
are true.
(i) AR ™cA
(ii) ®]7\:;;]-int — @; M]\j;llg—int g M
(i) ACB=>A2"cpl™
(iV) [cﬂlj\};—int]z}fv—int g qu;lfl_int
Proof:
(i) By definition the result follows.

(i) Since the void set is a subset of all sets, we have @ < (bﬁ,ﬁ,‘i”tand by (i) we

le—int le—int

have: @5 € @ and thus, @1x = 0.
By (i), X2 ™ < X.
(iii)  We have:A 2™ = (AT
Now, A2 ™ € BJ2 ™ [since A € B and [by proposition 7.1.2 (iii)]
Again since A ™ B2 ™ by proposition 7.1.2 (iii) we have:
(AT o (Bl YT I from which, we get: A2 € Bz
(V) (A ™M =U {0;: each 0, is T;-M-N-O and0, € A2;"™} = B, say,
and since B C oA, 50 by (iii), we have: B2 € 47127 which gives:

le—int T12—int T12—int
(CAMN MN < CAMN

(v)  Wehave: [A N B]92™™ = ([A 0 B2y mhTaint



Now, [A N B 22y™ € A2 ™ n B2, ™, by proposition 7.1.2 (iv) and as

such by (iii) of the same proposition, we have:

([A N B2y ™™ € [A2, ™ 0 Bizs ™77 and by proposition 7.1.2

iv), applied on the right side again, we get:

(iv), applied on the right sid t

([c/l n B] —int If]\"/;Nmt c [‘/q;;];int]ﬁzgint N [Bng;f];int]z;];int

Or, [A N B2~ € A2~  pliz=int
Definition 7.2.4
Let (M, T;,7;) be a M-N-B-TS and A € M then the MN-Bi-closure of A is denoted by
A2 and is defined as the MN-CI with respect to 7; of the MN-CI of 4 with respect
to T;. That is: A7 = [A12, 172 where A2, =U {C;: each C; is T,-M-N-C and
A CC;}. Thus, [A2, 1 =u {C;: each €, is T;-M-N-C and A2, € C;}. We
define: @727 = @.

Proposition 7.2.3
For a M-N-B-TS (M, 7;,T3), if A € M and A is T;,-M-N-C then A2 = A.

Proof:

If A is 7;,-M-N-C, then by proposition 7.1.4, we have:

le—Cl _ Tz—Cl Tl—Cl _ Tl—Cl _
c/q'MN - [quN MN [CA]MN = A.

Remark 7.2.3

le —cl

The converse of the above proposition is not true. That is, if A;; = A, then it is not

necessary that A is 73,-M-N-C. The following example may be taken. Let us assume:

x=parst =3 00=E22 n-{o8.£3.23) 5-
{@, {3},{5},{3,3},{3 5} {5,5 3}} and let A = {— —} Now, theJ; -M-N-C submsets

r s v’ q q’s)’ Lg’r

are: M,{i 2 3} {3 2 3} {3 3},{3} and the T, -M-N-C submsets are:

q’rls ) p)rls ) plq q
3 3 3] (33 3] (33 (3 . Tiz=cl _  gT—clyTi—cl _ 3 3 3
M’{p’q’s}’{p'q’r}'{r's}'{ } . We have: Ayy [Apin~ Tn [{p'q's}n
E E E Tl—Cl — E E T1—Cl — 3 3
{p'q'r}]MN [{p,q}]MN {p q} A. But A is not M-N-C with respect to 75 and

so is not 77,-M-N-C.

10



Proposition 7.2.4
Let (X,7;7,7;) be a M-N-B-TS and A, B € M, then the following results hold:
(i) AcAaR"
(i) Mmpl=nm
(iiiy ACB=A " cB
(iV) (c/l n B)le cl C (C/Z:rlz Cl) n (BTIZ Cl)
(V) (CAle Cl) (BTH Cl) C (C/Z UB)TlZ cl
Proof:
(i)  Wehave: A2 = [AV, TN
Now, A € A2, [by proposition 7.1.5 (i)]
So, 4 & LA 1! = AT
(i) By (i), M < MA?,@_CZ and since M is the universal mset, we have:
M72=¢t € M and thus M72=¢t = M,
(i)  Since A < B, by proposition 7.1.5 (iii) we have:
c/l,f,zN °l BTZ “’and by the same proposition we must again have:
Ty—clqT7—cl Tp—clqT7—cl
[Anin Tun. S [Bain Tuin
Thus, A2 € B12™,
(iv)  Wehave:[A N B]ﬁ,ﬁ, = ([AN B R
Now, [A N By € [Al2y " N [Bl22, < [by proposition 7.1.5 (v)]
Thus, ([4 N Blizy “sin ™ € (AT 0 [Blay v
[by proposition 7.1.5 (iii)]
< (Al v 0 (Blignsin”
[by proposition 7.1.5 (v)]
Thus, (A NB) 32~ < (A~ n (B~
(V) Since A € AUBand B S A U B, so by (iii), we have:
ALl (AUB)EZ  and B2 € (A UB)E . Thus, we must

have: (cATlZ cl) (BTH cl) = (04 UB)TH —cl

Proposition 7.2.5
For a M-N-B-TS (M, 73, 75), if A, B € M, then the following results are true:

11



M) (A ™) = (A
(i) ey ) = (A ™
Proof:
() Wehave:Aliz ™t = [AT M Bt
= c{[e( Az ™15, [by proposition 7.1.6 (iii)]
= c{[(cA) 125 1221, [by proposition 7.1.6 (i)]
= c{(cA)
Hence, c(A12™"™) = c[e{(cA) 12N
Thus, c(A12™"™) = (ccA) 1227, since c[cA] = A.
(i) We have: (coA)D2™M = [(cot) 2y imt Taint
= c{[c{(cA) 2y ™, [by proposition 7.1.6 (iii)]
= cf[efef(ccA) iy “ Blain" )
[by proposition 7.1.6 (iii)]
= c{[( iy Toin "} by cleA] = A
= c(AP™N

Corollary 7.2.1
(i) A ™ = el ]
(i) Ay = [(cc/zf“ ™
Proof:
(1) Taking complement on both sides of (i) of proposition 7.2.5, we have:
c[ c(AD2Y] = c[(cA)i2™Y which give: A2 = c[(cA) 1]
(i)  Taking complements of both sides of (ii) of proposition 7.2.5, we get:
cle@yi D] = el(cAi ™1, or, Ay = cl(cAy ™1
Definition 7.2.5

Let (M,T7;,7;) be a M-N-BTS and A € M then the MN-Bi-boundary of A is denoted

by c/lT“ ~P4 and is defined as the intersection of the MN-Bi-closure of the mset 4 and

the MN-Bi-closure of the complement of A.

Thus, A2 "% = A2~ N (cA) iz

12



Proposition 7.2.6
For a M-N-B-TS (X, 73, 7), if A < X, then we have the following results:
0 JZT“ bd (dq)flz bd
(ii) (dqflz mt) U ((c A)le mt (dqﬂ"lz bd)
Proof:
) We have: (cA)Z" = (cA) I N (cleAD T = (cA) TN
fﬂz\szlf/_Cl _dqﬂ"lz —cl N (c dq)ﬂ"lz —cl qulz—bd
(i) Wehave: c[A727"%] = c[A}2 ™ n (cA)
= c[Az N U c[(cA) iz
= [y TV (A",
[proposition 7.2.5 (ii) and corollary 7.2.1 (i)]
Thus, c[A47127"] = [(ccA) 2™ U (ARZ™)

7.3 Multi-Anti-Topological Spaces
Definition 7.3.1
Let M € [X]* and T € P*(M). Then T'will be called a multi-anti-topology (M-A-T)
on M if it satisfies the following three properties:

(1) The m-set M and empty set @ are notin 7.

(i) IfA; ST, then UA; € T

(iii) A, cTthennA; ¢7T.
Then (M, T) will be called a Multi-Anti-Topological Space (M-A-TS) and the A-O
msets of this space will be called Multi-Anti-Open msets or M-A-O msets and the m-

complement of such msets will be called Multi-Anti-Closed msets or M-A-C msets.

Example 7.3.1
IfX ={xyzw} n=4and M = {=,2,2,5}.

x'y'z'w

1 2 1 2 21 2 2
LetT = (0,360 6.3 60 653650600
Here @ ¢ 7 and M & 7.And it can be checked for all submsets A; €T, UA; ¢ T
and for any submsets A; €T, NA; € T.

Hence, (M, T) isa M-A-TS on M over the set X.
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Proposition 7.3.1

Let (M,T)beaM-A-TSand A €T thenB ¢ T if A CBor B cC A.

Proof:

We have A cB implies AUB=B and B €T implies AUB €T which is
contradictory to the definition of a M-A-T. Hence B € T whenever A c B.

Again, B c A implies AU B = A and since A € 7 so A UB € T which is also not
possible for a M-A-T.

Definition 7.3.2

Let (M, T) be a M-A-TS formed on a mset M and A € M. Then the MA-Interior (MA-
Int, in short) of A will be the mset union of M-A-O submsets of A and will be denoted
by quA—Int_

Example 7.3.2
Let X ={x,y,zzw}n=4and M = {4/x,4/y,3/z,4/w}. We define a M-A-T on
s =l 2y 2y 112y 21212 —(222
M as: T—{{x,y},{x,y},{x,y,z},{x,z},{y,z,w}}. Suppose that A —{x,y,z} then
Ma-int _ 1 2] (2 1 112 21 _(222) _
A _{x'y}u{x'y}u{x'y'z}u{x'z}_{x'y'z}_dq'

Remark 7.3.1
The MA-Int of a submset A is not the largest M-A-O submset contained in A. This is
because in a M-A-TS the union of M-A-O submesets is not M-A-O. In the above example

it may be observed that the mset A is not M-A-O.

Proposition 7.3.2
For any submset A of some M-A-TS (M, T), AMA~t € A, Let A be M-A-O then
c/qMA—int = A.

Remark 7.3.2
The converse of proposition 7.3.2 is not always true. That is, if AMA~"t = A then the

mset A need not be M-A-O. This can be seen from example 7.3.2.

Proposition7.3.3

If A and B are submsets of some M-A-TS (M, T), then we have the following:
(I) (CAMA—Int)MA—Int — c/qMA—Int
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(”) ACB= quA—Int C BMA—lnt

(l”) (cﬂ ) B)MA—Int C quA—Int N BMA—Int

(lV) quA—Int U BMA—Int C (A U B)MA—Int

Proof:

(i) By definition, A4~ =y {0;: each 0; is M-A-O and 0; € A} = A (say)
Now, (AMA-IRYMA=Int — £0;: each 0; is M-A-O and 0; € AMA~"t} = B
since there will be no other M-A-O msets that will be extra from those
subsets which are contained in AMA~E,

Thus, we must have: (AMA-IMOMA=Int — gMA-Int

(i)  Letx € AMA~It then by proposition 7.3.2, x € A and since A € B, so by
proposition 7.3.2, A € BMA4~"t and hence x € BMA~Int,
So, AMA-Int c gMA-Int

(ili)  Since A N B S A as well as A N B S B together with (ii ) above it can be
deduced that (A N B)MA-Int ¢ gMA-Int apd (A N B)MA-Int ¢ pMA-Int
and hence the result.

(V)  Letx € AMA-Int |y gMA=Int,

Then x € AMA-INt or x € BMA-INt
>5x€eUUSAor, xe€V,V & BandUandV are M-A-O.
=>xE€UUYV whereUUV S AUB
= x € (U U V)MA-Int C (4 U B)MA-Intpy (i),
Hence, x € (A U B)MA-Int,

ThUS quA—Int U BMA—Int C (A U B)MA—Int

Remark 7.3.3

The converse will not necessarily hold in proposition 7.3.3 (iii) as shown by the

following: Consider X = {a,b,c,d}, n=3 and M = {2,%,%,%}. We define a M-A-T
1 2 21 11 2 21 21 2 2 21

T = {{Z,E},{;,E},{Z,;,;},{Z,;},{E,Z,E}} on M. SUppOSE that A = {;,;,Z} and B =

1222 _¢t 21 MA-Int _ ¢1 2 MA-Int _

{a,b,c,d} Then c/anB—{a,b,C} and (A NB) —{a,b} and A =

2,2 Land gMa-int = (2 2 1 2y and thus we have AMA-InE o gMA-int — (2 2 1y

a b’ c a' b c'd a b’ c

1 2 1 2 1 2 1 . 1 2 1 1 2

{E';'Z’E} = {5,;,2} and it can be seen that {Z';'Z} ¢ {Z';}

Similarly, it can be shown that the converse of proposition 7.3.3 (iv) does not hold.
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Definition 7.3.3
Let (M,T) be a M-A-TS formed on a mset M and B be a submset of M then the MA-

Exterior of A will be the MA-Interior of m-complement of A and will be denoted by
AMAEXt That is AMA~EXt = (cA)MA-It =y {0;: each 0; is M-A-O and 0; S cA}.

Proposition 7.3.4
If A and B are submsets of a M-A-TS (M, T), then we have the following:

(i)
(i)
(iii)
(iv)
v)

Proof:

(i)

(ii)

(iii)

(iv)

(v)

AMAZEXt = A if A is M-A-C.
AMA-Int  gMA-Ext _ g

If A < B, then AMAEXt o pMA-Ext
(A U B)MA-Ext ¢ gMA-Ext  BMA-Ext

AMA—Ext U BMA—Ext C (A N B)MA—Ext

If A is M-A-C, then cA is M-A-O and as such by proposition 7.3.2:
c/qMA—Ext — (Cu‘l)MA—mt = cA.
Let x € UQMA_mt N c,qMA—Ext =S x € C/ZMA_mt and x € quA—Ext
= x € A and x € cA which is not possible.
Hence C/qMA—Int N quA—Ext — (Z)
A S B=cBCcA= (cB)MA~M C (ch)MA-IN
[by proposition 7.3.3 (ii)]
= BMA—Ext C quA—Ext
(CA U B)MA—Ext — (C(cﬂ U B))MA—Int
= (cA N cB)MA-Int
C (cAYMA-It  (¢B)MA~It [y proposition 7.3.3 (iii)]
= AMA-Ext n gMA-Ext
Hence, (A U B)MAE ¢ AMAE n BMAE
AMA-Ext | j BMA-Ext _ (qu)MA—mt U (CB)MA—Int
C (cA U ¢B)MA! by proposition 7.3.3 (iv)
— (C(cﬂ N B))MA—Int
— (CA N B)MA—Ext

Hence, cAMA_EXt U BMA—Ext C (A N B)MA—Ext
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Definition 7.3.4

Let (M,T) be a MATS formed on a set M and A be a submset of M then the MA-
Closure of A will be the intersection of the M-A-C submsets that contain A4 and will be
denoted by AMA~Ct, That is, AMA~¢! =n {C;: each C; is M-A-C and A € C;}.

Remark 7.3.4
MA-Closure of a submset A need not be the smallest M-A-C submset that contain A.
This is because in a M-A-TS the intersection of M-A-C submsets is not MAC.

Proposition 7.3.5
For any submset A, A S AYA~CL If A is a M-A-C submset then AMA=CL = 4.

Remarks 7.3.5

The converse of proposition 7.3.5 need not be true. That is, if AMA~¢! = A then A
need not be M-A-C. The following example may be considered.

Let X ={x,y,zzw}n=4and M = {4/x,4/y,3/z,4/w}. We define a M-A-T on

1 2 21 11 2 21 21 2
M as: T={{;,;},{;,;},{;,;,;},{;,;},{;,;,;}}. The M-A-C msets here are:
3 2 3 4 2 3 3 4 331 4 2 4 2 4 4 2 2 2
Gotbbrnd Bt Biiibaiin
Let A = {%%2%} then AMA~Cl = {%5?%} = A. But A is itself not M-A-C.

Proposition 7.3.6
If A and B are submsets of a M-A-TS (M, T") defined on a set X, then the following
results hold:
(i) ACB=>AMAC c BMA-CL
(i) (A N B)MA=CL ¢ gMA=CL  BMA~CL
(i) AMA-CLy BMA-CL ¢ (4 y B)MA-CL
(iv) (AMA-CYMA=CL — gMA~CL
Proof:
(i) By proposition 7.3.5, we have: A € AMA~CL,
Now, AMA=CL = n {¢;: each C; is M-A-C and A € C;}
cn {D;: each D; is M-A-C and B € D;} since A < B, each C; € D;

= BMA-Cl and hence the result.
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(i) SinceANBC A= (ANBYMACL c AMA=CL py (i),
Also, A NB S B = (A NB)MA~CL ¢ BMA=CL py (i).
Hence, (A N B)MA=CL ¢ AMA=Cl [ gMA=CL

(ifi)  Since A € AU B = AMA~C c (A U B)MACL,
Also, B € A U B = BMA~Cl c (A U B)MA~CL,
Hence, AMA~C y BMA=CL c (A U B)MACL,

(iv) Let AMA~CL =B, then BMA~L =n{¢; so that each C; is M-A-C and
B < C;} = B, since B is the smallest submset containing A and there can be
no smaller submset of B that contains A which can be contained in the

intersection N C; and so: (AMA-CHMA=CL = gMA=CL

Proposition 7.3.7
For any submset A of a M-A-TS (M, T), the following are true:
() AMA-INE = o((cA)MACL
(i) (cAYMA=CL = o(qMA-Inty
(i) c(AMACL) = (cA)MA-Int
(V) AMACL = o((cA)MA-Inty
Proof:
(i)  Wehave: (cA)MA~C! =n ¢;, where each C; is M-A-Cand cA C C;.
Thus, c((ccA)YMA~H = ¢(n ¢;) so that c(cA) 2 cC;
Or, c((ccAYMA=CYY =U cC; so that each cC;is M-A-Oand cC; € A
Or, c((ccAYMA=CHY =u 0; so that each 0; is M-A-Oand 0; € A
Or, c((cA)YMA~CLY = qMA-Int
(i)  We have: AMA~"t =y ©;, where each 0; is M-A-Oand 0; € A
So, c(AMA~IYY = ¢(U ;) so that cO; 2 cA
Or, c(AMA~Iy =N ¢©; so that each cO; is M-A-Cand cA S c0;
Or, c(AMA~Ity =N ¢; so that each C; is M-A-Cand cA € C;
O, c(AMA-INT) = (cA)MACL,
(iii)  We have: AMA~C =n ¢;, where each C; is M-A-Cand A < C;.
Hence c(AMA~Y) = ¢(n C;), where each cC; is M-A-Oand cA 2 cC;
Or, c(AMA~CY =y cC;where each cC; is M-A-Oand cC; € cA.
Or, c(AMA=CY =y O; where each 0; is M-A-Oand O; S cA.
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Or, c(AMAC) = ¢(AMA-IntY

(iv)  We have: (ccA)MA~I"t =y (;, where each 0; is M-A-Oand 0; S cA
Thus, c((ccA)YMAIM) = ¢(U 0,) so that cO; 2 c(cA)
Or, c((cAYMA=ItY =n ¢©); so that each c0O; is M-A-Cand A € cO;
Or, c((cA)YMA~Ity =N ¢; so that each C; is M-A-Cand A < C;.
Or, c((ccA)MA-Inty = gMA-CL

Definition 7.3.5

Consider (M, 7) to be a M-A-TS defined on a mset M, where M is defined over an
arbitrary universe X and A is a submset of M. Then the MA-Boundary of A is defined
as the intersection of the MA-Closure of A and the MA-Closure of the m-complement of
A and will be denoted by AY4~B2, That is, AMA=B4 = AMA=Cl  (cA)MA=CL,

Proposition 7.3.8

If A is a submset of a M-A-TS (M, T") where the mset M is defined over a set X, then
C(CAMA—Bd) = AMA-Int \; gMA-Ext

Proof:

We have: C(c/lMA—Bd) — C(c/lMA_Cl N (Cc/l)MA_Cl) — C(c/lMA—Cl) U C((Ccﬂ)MA_Cl)

= (cA))MA-Int y AMA=INt [lhy proposition 7.3.7 (iii) and (i)]
— quA—Int U C/ZMA_Ext
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