CHAPTER 3

Neutro-Bi-topological Spaces

In this chapter the notion of neutro-bi-topological space (N-B-TS) is defined and the
aspects of interior, exterior, closure, and boundary are defined in neutro-bi-topological
spaces (N-B-TS) and the various properties of these aspects that are generally true for
GTS are inspected. Further, some new concepts of pseudo-exterior, quasi-open, quasi-
closed sets, neutro-quasi-interior, neutro-quasi-closure are defined and some of their

properties are analyzed with respect to the N-B-TS.

3.1 Introduction to Neutro-Bi-topological Space
Definition 3.1.1
Let 73, 7, be two N-Ts on a universe X, [7; and 7, maybe same or different] then the

triplet (X, 73, 73) becomes a neutro-bi-topological space (N-B-TS).

Remark 3.1.1

The subsets of X that are included in the N-T 7; will be called N-O with respect to 73
and written as 73-N-OS and those in the N-T 7, will be called N-O with respect to 7,
and will be written as 75,-N-OS. In this chapter no union or intersection of the members
of 7; and 7, will be considered and the subsets corresponding to the N-Ts will be
studied separately. The N-CSs, which are the complements of the N-OSs will be
identified separately with respect to the two N-Ts and written as 7;-N-CS or 7,-N-CS.

Proposition 3.1.1
For every N-B-TS (X, 71, 73), (X, 7; N T,) is a N-TS.
Proof: If 73, 7, are N-Ts, then either @ € 7; or, X € 7; and either @ € 7, or, X € 75. In

eithercase @ € I; N 7, or, X € 7; N T, and it satisfies the first condition for a N-T.

Some of the results discussed in this chapter are published in: Basumatary, B., Khaklary, J.K., & Said, B. (2022). On
Neutro-Bitopological Spaces. International Journal of Neutrosophic Science, 18(2), 254-261.



Remark 3.1.2

If (X,7;,7,) is a N-B-TS then (X,7; U 7,) may not be a N-TS. The reason for this
being that if the empty set belong to one of the N-T and the whole universe belong to
the other NT, then the union of the two N-Ts will include both the empty set and the

whole set and this will not satisfy the first condition for a N-T.

Proposition 3.1.2

For every B-TS (X, 71, 7,), (X, 7;\ 9,7, \ @) is a N-B-TS.

Proof: By theorem 1.6.15, it can be seen that if (X,7;) is a classical topology on X
then (X, 77 \ @) is a N-T on X and similarly, if (X, 7;) is a classical topology on X
then (X, 7, \ @) isa N-T on X. Thus, since 7; \ @ and 7, \ @ are two N-Ts on X, so by
definition (¢, 73 \ @, 7; \ ©) will be a N-B-TS.

Proposition 3.1.3

For every B-TS (X, 77, 73), (X, 7; \ X, 7, \ X) isa N-B-TS.

Proof: By theorem 1.6.16, if (X,7;) is a classical topology on X then (X,7; \ X) is a
N-T on X and similarly, if (X, 7;) is a classical topology on X then (X, 7, \ X) is a N-
T onX. Thus, since 73 \ X and 75 \ X are two N-Ts on X, so (X, 77 \ X, T, \ X) will
be a N-B-TS.

Proposition 3.1.4

For every BTS (X,731,7,), (X, 73\ 8,7, \ X) is a N-B-TS.

Proof: By theorem 1.6.15, if (X,7;) is a classical topology on X then (X,7; \ @) is a
N-T on X and by theorem 1.6.16, if (X, 75) is a classical topology on X then (X, 7; \
X)isaN-TonX. Thus, since 73 \ @ and 75, \ X are two N-Tson X, so (X, 73 \ 0,7 \
X) will be a N-B-TS.

Proposition 3.1.5

For every B-TS (X, 7, 73), (X, 7; \ X, T, \ @) is a N-B-TS.

Proof: By theorem 1.6.16, if (X, 7;) is a classical topology on X then (X, 7; \ X)is a
N-T on X and theorem 1.6.15, if (X, 7;) is a classical topology on X then (X, T, \ @) is
a N-T on X. Thus, since 7; \ X and 7; \ @ are two N-Ts on X, so (X, 53 \ X, 7, \ )
will be a N-B-TS.



3.2 Interior in Neutro-Bi-topological Spaces

Definition 3.2.1

Let (X,7;,7,) be a N-B-TS and A € X then the Nu-Bi-interior of A is denoted by
AT12=Nnt and s defined as the Nu-interior with respect to 7; of the Nu-interior of A
with respect to 7. That is: A7z~ NIt = (T~ NintyTi=Nint “\yhere A72~Nnt =y {0,
each 0, is T,-N-OS and 0,; € A}. Thus, (A%2~NmtyTi=-Nint — (), : each 0; is T;-N-OS

and 0, € AT~Ninty,

Remark 3.2.1
The term Bi-interior has been used because we have taken the interior of the set two

times with respect to the two N-Ts successively.

Definition 3.2.2
Let (X,77,7;) be aN-B-TSand A € X. If A is a N-OS with respect to both 7; and 7,

then we call such subsets as a 7;,-N-OS.

Proposition 3.2.1

If (X,7,,7;) isaN-B-TSand A € X, and A is T;,-NOS then A1z~ Nint = 4,

Proof: By definition: A712=Nint = (4 7%2-NintyTi-Nint
= (A)17N !t since A is T,-N-OS [by proposition 2.1.1]
= A, since A is 7;-N-OS [by proposition 2.1.1]

Remark 3.2.2

The converse of proposition 3.2.1 is not always true. That is, if A2~ = A4 then A
may not be a 7;,-N-OS.

Consider X ={1,234,5} and let T ={0,{1},{3},{23},{1,34} , T,=
{(0,{3},{4},{1,2},{2,4},{2,3,4}} and A = {1,2,3}.

Then A712=Nint = (fT2=NintyTi=Nint — ({1 2 3})7-Nint = {123} = A, but A is not
7;,-NOS.

Remark 3.2.3
The counter example provided in remark 3.2.2 also shows that the Nu-Bi-interior of A

is not the biggest N-OS contained in A.



Proposition 3.2.2
For a N-B-TS (X, 73, 73), if A, B € X, then the following results are true.

(i)
(if)
(iii)
(iv)
v)
(vi)
Proof:
(i)
(if)

(iii)

(iv)

(v)

(vi)

cﬂflz—Nl.nt C C/Z
Ti2—Nint — - v Ti2—Nint
@12 = @; X'z cX
c/l c B = cﬂflz—Nl'nt (- Ble—Nint
(cﬂle—Nint)le—Nint C Ale—Nint
(c/l N B)le—Nint cC dqflz—Nint N Bile—Nint

(CAle—Nint) U (Ble—Nint) C (dq U B)le—Nint

By definition the result is obvious.
Since the null set is a subset of all sets, we have @ € @712=Nnt and by (i) we
have: @712=Nint ¢ @ and thus, @712~Nint = @,
By (i), X 712=Nint ¢
We have: ATiz=Nint — (qT-NintyTi=Nint Ny, 4%-Nint ¢ pT-Nint gince
A S B by proposition 2.1.2 (iv). Again since A72~Nint ¢ g72-Nint =y
proposition 2.1.2 (iv): (A2~ NntyTi=-Nint o (pTH=-Nintyli=Nint from which,
we get: ATi2—Nint < gTi,—Nint
We have: A”12=Nint =y (0,: each 0, is 7;-NOS and 0, € A%>"Nint} = B
and B € A and by (iii), we have: B712=Nint ¢ g712=Nint which gives:

(A Tiz~NintyTip=Nint ¢ _gTi;~Nint
We have: (A N B)Ti2~Nint = ((4 0 B)%~Nint)Ti-Nint
Now, (A N B)2~Nint ¢ (f%~Ninty n (BT=Nint) by proposition 2.1.2 (v)
and so by proposition 2.1.2 (iv), we have:
[(A N B)Ta-Nint|Ti-Nint ¢ [(4T-Ninty o (B%-Nint)|Ti-Nint  ang  again,
by proposition 2.1.2 (v), applied on the right side, we get:
[(A N B)T-Nint|Ti=Nint ¢ [(qT~Ninty|T=Nint ry [(BT2-Ninty|Ty-Nint
Or, (A N B)T2Nint ¢ (ATe-Nint)  (BTre-Nint)
Let x € (ATi-Nint) y (BTua-Nint)
= x € (AT127Nnt) o, x € (B%12~NInt) This shows that there exists N-OSs

0; and 0O; such that: x € {U 0;} € AN or, x € {U 0;} € B2Vt



= x € 0;U0; € ANty BT27Nint (4 y B)2~Nmt | by proposition
2.1.2 (vi). And similarly, x € (AT1~Ninty y (BT1-Ninty c (A U B)i-Nint

Remark 3.2.4

Equality will not hold in the case of proposition 3.2.2 (iv) and can be seen from the
following example: Assume X = {1,2,3,4,5}, 77 = {0,{1},{3},{2,3},{3.4}, {4,5}} .
T, = (0,{2},(3},(1,2), (3.4}, (345},

Let A ={1,2}, then ATz~ NIt = (gTR-NIMOYT=NIE = ({1 2})71~Nnt = {1} and
(Ale—Nint)le—Nint — ({1})T12—Nint — ({1})7"2—Nint)T1—Nint — @Tl—Nint = 0.

Thus, we have: (A71z=nt)Ti2=Nint o gTiz2=Nint,

Equality will not hold in (v). Let us assume that X ={1,23,4,5}, 7; =
{0,{1},{3},{1,2},{2,3},1,2,3}, {345} , T, ={0,{2},{4},{1,3},{2,5},{2,3,4},{1,3,5}},
A={1,23}, and B=1{2,3,4}, then ANB={23} and Az"Nint = {1723}
BTiz=Nint = (2 33 and (A N B)Tiz~Nnt = ¢ put (AT1z7Nint) 0 (BTr2~Nint) = (2,3},
Equality will not hold in (vi) and can be seen if we consider A = {1,2} and B = {3,4}
in the above example.

We then get: A2~ Nint = ¢ BT2=Nint — gy and (A U B) 127Nt = (1 2 3},

3.3 Closure in Neutro-Bi-topological Spaces

Definition 3.3.1

If (X,71,7;) is a N-B-TS and A < X', then A will be called 7;, -N-CS if the
complement of A, i.e. cA is T;,-N-OS.

Definition 3.3.2

Let (X,7;,7;) be a N-B-TS and A < X then the Nu-Bi-closure of A is denoted by
A”127Nel and is defined as the Nu-closure with respect to 7; of the Nu-closure of A
with respect to 75. That is: A 127Nel = (fT2~NehyTi=Nel \where 472Nt =n {¢,: each
C; is T,-N-CS and A € C;}. Thus, (AT2"Nel)Ti=Ncl =n {¢,: each €, is 7;-N-CS and
AT27Nel ¢ ¢,3. We define: @7127Nel = @,

Proposition 3.3.1
For a N-B-TS (X, 73, T3), if A € X and if A is T;,-N-CS then A”1z7N¢l = 4,



Proof: If A is 7;,-NCS, then by proposition 2.3.2, we have:
CAT]'Z_NCI — (CATZ—NCI)T]_—NCI — (CA)Tl—NCl — C/q

Remark 3.3.1

The converse of proposition 3.3.1 is not true. That is, if A”7127N¢t = 4, then it is not

necessary that A is J;,-N-CS. The following example can be taken to illustrate it.
Assume X = {1,234}, T, = {0,{1},{2},{3,4}, {1,343}, 7> = {0, {3}, {4}, {1,2}, {2,4}}
and A = {1,2}, then A"127N¢l = {12} = A. But A is not N-CS with respect to 7, and
so is not 77,-N-CS.

Proposition 3.3.2
If (X,77,7;) isaN-BTS and A, B < X, then the results below are true:

(i)
(ii)
(iii)
(iv)
(v)
Proof:

(i)

(i)

(iii)

(iv)

A S ATz

xTiz—Nel —

A C B = ATz—Ncl ¢ BTiz—Ncl

(AN B)le—Ncl = (cﬂflz—Ncl) N (Ble—Ncl)
(cﬂle—Ncl) U (Bflz—zvcz) c (AU B)le—zvcz

We have: ATi2~Nel = (,47T-NelyTi-Nel
Now, A € A”2~Net [by proposition 2.3.3 (i)]
S0, A C (A%~ NeWYTi=Nel = g Ti2-Nel
By (i), X € X712=N¢l and since X is the universal set, we have: X 712=Nel
X and thus X712=Nel = ¢,
Since A < B, by proposition 2.3.3 (iii) we have:
AT2mNel ¢ BT2=Nel gnd by the same proposition we again have:
(AT2=C)Ti=Nel ¢ (BTa-NelyTi=Nel
Thus, A%127¢t ¢ BTz=¢l,
We have: (A N B)T127Nel = ((A N B)Tz~NebyTi-Nel
Now, (A N B)z7Net ¢ (AT2~Nehy 0 (BT2~NeY) [by proposition 2.3.3 (V)]
Thus, [(A N B)%2~Net)Ti-Nel
C [(AT2NY) 0 (BT2~Nel)]T1=Nel by proposition 2.3.3 (iii)]



C (AT NNl n (BT~ Nel)yTi=Nel Thy proposition 2.3.3 (v)]
Thus, (cﬂ N B)TlZ_NCl (= (qulz—Cl) N (Ble—Ncl)

(v) Since A € AUBand B € A U B, so by (iii), we have:
c/l:rlz—NCl g (Cﬂ U B)le—NCl and Ble—NCl g (C/q U B)le—NCl.
Thus, we have: (A7127Net) y (BT127Nel) c (A U B) 1z~ Nel,
Remark 3.3.2

Equality will not always hold in proposition 3.3.2 (iv) and the following example shows
it. Suppose that X = {1,2,3,4,5}, 7; = {0, {1}, {2}, {3},{1,2},{1,4}, (2,3}, {2,4}, {3.4}
and 7, = {0, {3}, {4}, {5}, {1,3}, {1,5},{2,5},{3,4}, {4,5}}. Suppose A = {1,3,4}

and B = {4,5}, then it can be seen that: A”127N¢! = {1,2,4,5} and B”:2~N¢l = (2 4,5}
and as such, we have: A7127Nel o BT2=Nel = (2 4.5}

Now, A NB = {4} and (A N B)127N¢l = {45}

Proposition 3.3.3
For a NBTS (X, 73, 7,), if A, B € X, then the results that follow are true:

(i)
(if)
(iii)
(iv)
Proof:

(i)

(i)

c(AT2NInty = (cf)Tr2=Nel
c(AT2NelY = (geq)TreNint
(A \ B)Tr2~Nint = (cﬂle—Nint) \ (ATi2=Net)
(A \ B)Ti2~Nel = (4T12=Nely \ (cﬂflz—Nint)

By definition we have:
AT1z-Nint — (CATZ—NL'nt)Tl—Nint
= c[{c(AT2~Nint)Y1=Ncl] by proposition 2.3.4 (iii)]
= ¢[((cA)TaNetyTi=Nel] Toy proposition, 2.3.4 (i)]
= c[(cA)T12=¢Y, [by proposition 2.3.3 (ii)]
Hence, c(A%127Nit) = c[c{(cA)Tr2~Ne)
Thus, c(AT1z7NM) = (cA)T127Nel since c[cA] = A.
By definition we have:
(qu)le—Nint — ((qu)Tz—Nint)Tl—Nint
= c[{c((cA)T2~Nint)}T1=Nel] [py proposition 2.3.4 (iii)]
c[{c{c((ccA)~NeYYa=Nel] | [by proposition 2.3.4 (iii)]



= c[(AT2"N) 1Nl since c[cA] = A.
=c(A"127NeYy by proposition 2.3.3 (ii)]
(iii) By definition we have:
(A\ B)le—Nint = ((A\ B)Tz—Nint)Tl—Nint
= [(ATe~Nint) \ (BT2~Net)|Ti=Nint [proposition 2.3.4 (v)]
— ((C/ZTZ—Nint)Tl—int) \ ((BTZ—NCI))J]—NCI’
[proposition 2.3.4 (V)]
— (qulz—Nint) \ (BTi2—Nel),
(iv) By definition we have:
(A N\ B)T127Nel = ((A \ B)T2~Nebyh-Nel
= J;-cl((AT2~Neby \ (BT2~Nint)), [proposition 2.3.4 (vi)]
= ((AT~NeY)Ti-Nely \ ((BT2-Nint yT-Ninty
[proposition 2.3.4 (vi)]
— (Uqfrlz—zvcl) \ (qulz—Nint).

Corollary 3.3.1
(i) ATiz=Nint = [(cA)Tiz=Nel]
(i) ATizNel = ¢[(cA)Trz—Nint]
Proof:
(i) From (i) of proposition 3.3.3, we have: c(A127Nint) = (cA)T12Nel
Taking complements on both sides, we get:
c[ c(ATzNY] = c[(cA)T12=N from which we get:
ATiz-Nint _ C[(Ccﬂ)flz—zvcl]
(i)  Taking complements of both sides of (ii) of proposition 3.3.3, we get:

C[C(CATQ—NCI)] — C[(Ccﬂ)le_Ni"t], or, cﬂTn—NCl — C[(Cc/l)TlZ_Nmt].

3.4 Exterior in Neutro-Bi-topological Spaces

Definition 3.4.1

If (X,7;,7;) is a N-B-TS and A < X then the Nu-Bi-exterior of A is denoted by
A’T127Next gnd is defined as the Nu-exterior with respect to 7; of the Nu-exterior of A

with respect to 7.



That is: AT1z7Next = (fT2-NextyTi=Next \where A72~Next =y {0,: each 0, is T,-N-OS
and 0; € cA}.
Thus, (A%2~NextyTi=Next —y ((),: each 0, is 7;-N-OS and 0; € c(Az~Next)},

Remark 3.4.1
From the following discussion, it may be observed that in a N-B-TS, a direct relation
cannot be formed between A”12=Next and A712~Nint and also a direct relation between
AT127Next gnd 47127Nel cannot be established. Some pseudo relations could be
established between A 12~Next and A712-Nnt and between A712-NVext and A4712-Net,
By definition, we have:
ATrz—Next — ( gTs=Next)Ti-Next

= ((cA)T2~NintyTi=Next Thy proposition 2.2.1 (ii)]

= [c((ccA)TeNinty|Ta=Nint Thy proposition 2.2.1 (ii)]
This shows that there is no direct relation between A”12-Nextand 4712~ Nint,
We may also have:
(ccA)Tiz—Next = ((cq)Ta—Next)Ti-Next

= (AT~ NnOYTi=Nxt ysing (coA)2~Next = {o(cA))2Nint
— [C(C/ZTZ—Nint)]Tl—Nint’ using ATi—ext = (cA)Ti—int

Moreover, A”12=Nint and A4712-N¢l can be related by the relations established in
proposition 3.3.3 and the corollary 3.3.1.
The pseudo relation between A 712=Next and 4712=Nint ghtained above is:
ATiz=Next = [¢((cA)T~Nint)]Ti-Nint

= (AT2~NelyTi=Nint Ty proposition 2.3.4 (iv)]

= c[{c(AT2~NH)}1=Nel] [by proposition 2.3.4 (iii)]
Thus, A727Next = c[{c(AT2~NcH)}1=Nel] which can be treated as a pseudo relation

between the two aspects.

Definition 3.4.2
Let (X,7;,7,) be a N-B-TS and A < X, then the Nu-pseudo-exterior of A denoted by

qulg—Next and is defined as quf;—Next — (Ccﬂ)le_Nint — ((CCA)TZ—Nint)Tl—Nint_

Proposition 3.4.1
For a NBTS (X,7;,7,) if A, B € X, then the results that follows hold:



(i) AThL-Next = .4
(i) ATVt = oA, if A is T;,-N-CS.
(iii) quf;—Next N ATz-Nint — g
(iv) AT2-Nint — (qu)fl’;—zvext
(V) [c(ATzNexty|Th-Next ¢ gTi-Next
(Vi)  IfA C B, then BT2-Next ¢ qTHh—Next
(vii) ATzTNImt ¢ (c/lTlg—Next):Tl’;—Next
(Vi) (A U B)TzNext ¢ (Uqfl’;—zvext) N ( UqTf;—Next)
(ix) (Jle;—Nexf) U (BTS-Next) C (A N B)TH-Next
Proof:
()  Wehave: ATVt = (coA)72 NIt C cA, [by proposition 3.2.2 (i)]
(i)  If A is T;,-N-CS, then cA is T;,-N-OS.
Thus, A%2"Next = (cA)Ti2=Nint = ¢4, [by proposition 3.2.1]
(iii)  Letx € AT2~Next n gTi2-Nint
= x € ATH-Next gnd x € A T12—Nint
= x E ((Cc,q)Tz—Nint)Tl—Nint and x € (cﬂTz—Nint)Tl—Nint
= x € cA and x € A which is not possible and so we must have:
ATH-Next  gTiz-Nint _ g
(iv)  We have: (qu):rl’;—zvext = (c(cA)) 2Nt
= AT127NI since c(cA) = A
(v) We have:
[c (quf;—Next)]Tﬂ—Next = [C((qu)le—Nint)]Tlg—Next
= [c{c((coA)Tr2Nint) ) Tiz—Nint
= [(cA)Tr2~Nint]Tiz=Nint
C (cA)z=Nint [py proposition 3.2.2 (iv)]
= (A7%Next), [by definition]
Hence, [C(quf;—Next)]Tlpz—Next c AT -Next

(vi)  Wehave: A S B = c¢cB < cA, and by proposition 3.2.2 (iii) we get:
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(CB)le—Nint C (Ccﬂ)le_Nint
= BTlg—Next c quf;—Next_
(vii)  We have by (i), A%27Next € cA
=>ACc (c/le;—Next)
= AT-NInt ¢ (¢ (Uqﬂ"l’;—Next)}le—Nint
p_
_ ( le;—Nxt)le Next
Hence. A 712—Nint ¢ (qulg—Next)Tlg—Next_
(Vi) We have: (A U B)T2-Next = {¢(A U B)}rz~Nint
= (cA N ¢B)’z~Nint
c (qu)le—NiTlf N (CB)le—Nint’
[by proposition 3.2.2 (V)]
Hence, (A U B)Tlpz—Next = (c,qfl’;—zvext) N (CATIZ—Next)
(ix)  We have: (ﬂffz‘”e“) U (BTfi—Next)
= (Ccﬂ)j‘lZ_Nint U (C‘B)le—Nint
S (cA U ¢B)T12=Nint Ty proposition 3.2.2 (vi)]
= (C{c/l 8] B})Tu—Nint — (u‘l N B)Tf;—Next

Hence, (C/LTS—NEJ“) U (BTS—Next) C (A N B)T2-Next

3.5 Boundary in Neutro-Bi-topological Spaces

Definition 3.5.1

Let (X,77,7;) be a N-B-TS and A < X then the Nu-Bi-boundary of A is denoted by
A%127P4 and is defined as the intersection of the Nu-Bi-closure of the set A and the Nu-

Bi-closure of the complement of A. Thus, A”127NP@ = 127Nl 0 (¢ .4)Trz=Nel,

Proposition 3.5.1

For a N-B-TS (X, 73, 73), if A € X, then we have the following results:
(i) ATiz—Nbd _ (Ccﬂ)le—Nbd
(ii) ATiz=Ncl \qulz—Nint = AT12-Nbd

(iii) (c/lTlZ‘Ni"f) U ((cA)Trz=Ninty = o(ATiz-Nba)

11



(iv)
(V)
Proof:

(i)

(i)

(iii)

(iv)

AN\ AT1z—Nbd — _gT12-Nint

CAT]'Z_NCI — ((Ale—Nint) U (CATlZ_Nbd)

We have by definition:
(ceA)Tiz~Nbd = (cA)Tiz=Nel o ({cAY)TizNel

= (cA)Tiz~Nel g T12=Nel

= 12=Ncl (ccﬂ)le‘NCl

— A T12-Nbd
Let x € ATi2~Nel \ qT2-Nint
= x € AM127Nlgnd x ¢ AT12~Nint
=>x € Az Neland x ¢ A
= x € A%z Nland x € cA
= x € AM27Neland x € (cA)Trz7Ne!
= x € AT2-Nel (Cﬂ)le—Ncl
= x € AT12-Nbd
Hence, A%12-Nel \ 4Ti2=Nint ¢ 4%12-Nbd
Conversely, let x € A 1z~Nbd
Then, x € A2Vl 0 (ceA)Trz~Nel
= x € A2V and x € (cA)T127Ne
= x € A%27Nl and x € ¢(AT2~Nt), [by proposition 3.3.3 (i)]
= x € AM127 Nl and x ¢ ATz~ Nint
= x € ATzNel\ ATi2-Nint
Hence, A%i2=Nbd ¢ gTi2=Nel\ gTiz-Nint
Thus, A%i2~Nel\ qTiz=Nint = 4Ti2=Nbd
We have: c[AT12~Nbad] = ¢[AT12=Nel ( (coA)Trz=Nel]

= c[c,quz—Ncl] U C[(CCA)TH—NCI]
= [(coA) iz~ Nint] y (ATr2-Ninty,
[by proposition 3.3.3 (ii) and corollary 3.3.1 (i)]

Thus, c[c/lTlZ_Nbd] — [(cc/l)le_Nmt] U (oqflz—Nint)
For every x € A \ AT127Nbd

We have x € A but x ¢ A 12~Nbd
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(v)

Or, x € A but x ¢ [AT127Nel 0 (cA)T127 N

Or, x € A but [x & A2 N but x & (ccA)127N]

Or, x € A but x & A%z7Ne put x ¢ c(A”127N ), by proposition 3.3.3 (i).
Or, x € A but x & A%1z7Nel put x € (AT127NINL)

= x € A127Nint gnd hence A \ A”127VPE ¢ fT12-Nint

Conversely, let x € ATz~ Nint

SXEA>xEAbutx & cA

= x € A but, [x € A2Vl and x & (cA) 127N, since A € AT127NC
= x € A but x ¢ [AT127N 0 (cA)T127 N

= x € A but x ¢ A712~Nbd

= x € A \ AT12Nb

Hence, A7z~ Nint ¢ g \ 4712~ Nbd

Thus, A \ AT12~Nbd = 4Tiz-Nint

Let x € [AT12~Nint] y [4T12~NDbd]

Then, x € [AT127N ] or, x € [AT127ND4]

If we consider the first option, then x € [A712"Nint] € 4 € AT127Nel
Hence, [A7i2~Nint] y [ATiz-Nbd] ¢ qTi2=Nel

If we consider the second option, then x € [A7127N¢ N (ccA)T127N¢l] which
gives us: x € A”127Nl and x € (cA)T127Ne

Thus, in either case:

[ATi2~Nint] y [4T12~Nbd]  qTieNel,

Conversely, let x € A7z7Nel

Then, x € (AT~Net)Ti-Nel

= x € AN and x € AT27N

Now, x € A1V = x € [AT1NInt y AT1=NDA] [proposition 2.4.1 (vi)]
And, x € ANl = g € [ATNINE Yy LT27NDD)

Hence, x € [ATi2~Nint  4%12-Nbd)

Hence, A %i2~Nel ¢ [qulz—Nint U CAle—Nbd]

Thus, AT12=Nel = [fTrz-Nint y g7T12-Nbd)
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3.6  Neutro-Quasi Open and Closed Sets

Definition 3.6.1

Let (X,77,7;) be a N-B-TS and A < X, then the subset A will be called Nu-Quasi-
Open, written as N-QO, if for each x € A, there exists a N-OS Q, N-O with respect to
either 77 or 7, sothat x € Q € A.

A set is Nu-Quasi-Closed, written as N-QC if its complement is N-QO.

Remark 3.6.1
Every N-OS is N-QO but converse may not be always true. Same holds for N-QC sets.

Definition 3.6.2
Let (X,7;,75) be a N-B-TS and A € X, then the Nu-quasi-interior of A, denoted by
ANQ=Int s the union of all N-QO sets which are subsets of A.

Thus, AN~ =y {0;: each 0; is NQO and each 0; € A}.

Proposition 3.6.1
Let (X,7;,7;) be a N-B-TS and A, B € X. Let A, B be N-QO sets, then A U B and
A N B are also N-QO sets.

Proposition 3.6.2
If (X,7;,7,) isaNBTS and A, B € X, then the results that follow are true:
(i) ANC-int ¢ 4
(i) AN =4, if A is N-QO.
(iii) ATz-Nint ¢ gNQ-int
(iv) A CB= AN C BNe-int
(v) (AN B)NQ—int — (CANQ—int) N (BNQ—int)
(vi) (C/ZNQ—int) U (BNQ—int) c (AU B)NQ—int
Proof:
(i)  We have AN?~t € A4, by definition.
(i) If A is N-QO, then for every x € A, there exists N-OS 0,, so that O, is N-
OS with respect to either 7; or 7, such that x € 0, € A.
Now, if x € AN?~ then x € Q,, where Q,, is N-QO and the same will be

the case for every x € A and by proposition 3.6.1 since AN?~ js the
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(iii)

(iv)

(v)

(Vi)

union of N-QO sets which are subsets of A so AN~ will also be a N-QO
setand thus: U {Q,:x € A} = A.
We have: A%2-Nint = (q%-Nintyh-Nint
=U {0,: each 0, is 7;-N-OS and 0, € AT2~Nint}
This can be a null set if there is no such subset which is 7;-N-OS.
However, AN~ =y {0;: each O; is N-QO and each 0; € A} # @
because a subset is N-QO if and only if for every element that belongs to it,
there is always a N-OS in either of the two N-Ts which is contained in the
subset.
Thus, ATiz-Nint ¢ _gNQ-int
We have ANC~1t =y {0;: each 0; is N-QO and each 0; € A}
cu {0;: each 0; is N-QO and each 0; € B} = BNC~int,
since A € B and the number of N-QO sets may be more
in the later union.
For every x € (A N B)N-nt x € 0, so that O, is N-QO and 0, € AN B
which gives 0, € A and 0, S B which in turn shows that 0, € ANt
and 0, € BNt thereby showing that 0, € ANC~nt o BNe-int gngd
hence we have: (A N B)NO~int ¢ (ANQ-Int) n (BNe-inty,
Conversely, for every x € (AN~ 0 (BNC=int)  we have x € Q, where
0, is N-QO and 9, © ANe-int n BNe=int \whjch shows that Q, & ANQ-Int
and 9, € BN?=™ which in turn implies that Q, € A and Q,, € B implying
that 9, € A N B.
Thus, x € 9, € A NB which implies that x € 9, and @, is N-QO and
0, S A N B thereby showing that x € (A N B)NC-nt
Hence, (A N B)NQ—int — (CANQ—int) A (BNQ—int)
For every x € (AN M)y (BNet) we have x € AN or, x €
BNQ=int which gives: x € P, S A or x € Q,, € B where P, and Q, are N-
QO sets. This, in turn, shows that x € P, U Q, € A U B.
Now, union of two N-QO sets, by proposition 6.1, is N-QO, thereby showing
that x € (A U B)NO-int,

Hence, we get: (ANt y (BNC-Int) c (A U B)NO-It
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Remark 3.6.2
Equality will hold in (v) above and it is because by proposition 3.6.1, every N-OS is N-

QO.

Definition 3.6.3
Let (X,7;,7;) be a N-B-TS and A < X, then the subset A will be called Neutro-
pseudo-open, written as N-PO, if itisa N-OS in 7; U 7;.

Remark 3.6.3

Every N-PO set is N-QO but the converse is not necessarily true.

Definition 3.6.4
For a N-B-TS (X,73,73), if A € X, then the Nu-quasi-closure of A, denoted by

ANQ=CL gnd is defined as ANCCl = g71—Nel n gT2—Nel

Proposition 3.6.3

For a N-B-TS (X,7;,7,), and A € X, if A is T;,-N-CS then AN?~CL = 4.

Proof:

If A is NCS then by proposition 2.3.2 ANt = 4 and A"2"N¢l = 4 and hence
ANQ=CL — gTi-Nel f g4%-Nel — AN A=A

Proposition 3.6.4
For a N-B-TS (X, 73, 7)), if A, B € X then the results that follows are true.
(i) ANQC-Cl ¢ _g712—Ncl
(i) A AN
(III) (CANQ—Cl)NQ—Cl c JZNQ_CZ
(iv)  If A € B then ANOCl ¢ BNO-Cl
Proof:
(i) We have ANC~Cl = g71-Nel n g72=Nel gnd,
AT2Nel = (fTaNelyli=Nel =y {¢;: each C; is T;-NCS and A”2"N¢l € ¢}
Now, if A27Ncl c X, then ANC-Cl = f71-Nel 0 4T2=Nel = X whatever
the value of A”1~N¢ pe,
But AT127Nel = (fgT2=NelyTi=Nel = ¢ - if 472~Nel <« X but no such C ¢ X

exist so that A”2~N¢t ¢ €. Hence AN?~C! € A7127N¢l in general
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(i)  From proposition 3.3.2 (i)eA S AN and A € A”27N¢ and hence we
have A € AN N ATz N = ANO=CL
(iii)  We have: (ANQ-CchHNe=cl
— (cﬂfl—NCl N CATZ—NCI)NQ—CI
— (CAT]'_NCI n CATZ—NCI)T]_—NCI n (CATl_NCl n CATZ_NCZ):TZ_NCI
c [(CATl—Ncl)Tl—Ncl N (ﬂTz—Ncl)Tl—Ncl] N [(cﬂfl—Ncl)TZ—Ncl N
(AT2~NetyT2=Nel] [by proposition 2.3.3 (V)]
— [c/qu_NCl n (dqu_NCl)Tl_NCl] n [(qul—NCl):TZ—NCl n quZ—NCl]
[by proposition 2.3.3 (ii)]
— [c/qu_NCl n tATlZ_NCl] n [tATlZ_NCl n CATZ—NCI]
— AT]_—NCI nCATZ_NCl ntAle—NCl
— CANQ—Cl anTlZ—NCl
= ANC=C py (i) sincecANOCt c ATz~ Nel
Hence, (quQ—Cl)NQ—Cl c ANe-cl
(iv)  We have: ANQ=Cl = gTi=Nel n gT2=Nel
Now, A71=Net ¢ BTi-Nel gnd f72-Nel ¢ BTa=Neljf 4 € B,
[proposition 2.3.3 (iii)]
Hence ‘_ATl—NCl n cﬂj‘z—NCl g BTI_NCZ n BTZ_NCZ

or, quQ—Cl c BNQ—CZ
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