CHAPTER 5

Continuity of Functions in Neutro-Topological Spaces and

Anti-Topological Spaces

In the current chapter the aspect of continuity of functions is introduced in neutro-
topological space (N-TS) with the help of neutro-neighborhoods (Nu-nhd) and N-OSs
and continuity properties are analyzed in different types of functions. Further, taking
advantage of the fact that a N-TS can be obtained from every GTS, the concept of
weakly neutro-continuity is introduced and some of the properties of such a form of
continuity are also analyzed. Further, neutro-homeomorphism is also introduced with
the help of weakly neutro-continuity of function and some classical properties are
analyzed. The concept of continuity of functions in A-TSs has been defined via A-OS.

Moreover, the concept of weak continuity could not be extended to the study in A-TSs.

5.1 Continuity in Neutro-Topological Spaces

Definition 5.1.1

For two N-TSs (X,77), (Y,75), a map f defined between 7; and 7, will be Nu-
continuous at a member x of X iff for all 7,-Nu-nhd Q of f(x) there is a 7;-Nu-nhd O
of the member x so that f(0) c Q.

Proposition 5.1.1
For two N-TSs (X, 77) and (Y, T,), a mapping f defined between 7; and 7, will be Nu-
continuous iff for each 0 € 7, f~1(0) € 73..

Definition 5.1.2
For two GTSs (X,7;) and (Y, T3), the structures (X, 7; \ ¥) and (Y, T;, \ ¥) where ¢
may be @ or X, are N-TSs. A function which is continuous with respect to these N-Ts

will be called weakly Nu-continuous.

Some of the results discussed in this chapter have been published in: Basumatary B., & Khaklary J.K. (2024). A
Study on Continuity functions in neutro-topological spaces. Neutrosophic Sets and Systems, 78, 341-352.



Remark 5.1.1

We denote the topologies 7; \ ¥ and 7, \ ¥ with the symbol C wherever necessary.
That is, C will denote 77 \ ¥ or 7; \ ¥ with ¢y = @, or X. It may be observed that in the
N-TS (X, ©), the union or the intersection of N-OS are N-O. If a function is weakly Nu-
continuous then the properties of union or the intersection of the N-OS in the N-TS is
preserved in the resulting N-T from the parent topology from which the whole set or the
null set is excluded. Moreover, once a function is termed weakly Nu-continuous,
properties of closure and interior will also be preserved. While dealing with closure
properties, it may be assumed that the N-T that is in use is 73 \ @ and 75 \ @ and while
dealing with interior properties, it might be assumed that the N-Ts7; \ X and 7, \ X

are in use.

Proposition 5.1.2

If a map is Nu-continuous then it is also weakly Nu-continuous.

Proof:

If {, a map between 7; and 7, is Nu-continuous, then if W € 7, then f~1(W) € 7;.
That is, if W is 7,-N-O then f~1(W) is 7;-N-O. Since in a N-TS, the null set or the
whole set do not simultaneously belong to the N-T and also in the N-TS (X, C), the null
set or the whole set are excluded and as such every 7,-N-OS will be C-N-O and every
77 -N-OS will be C-N-O and thus the map f between (X, C) and (Y, O)will be Nu-

continuous. Thus f is weakly Nu-continuous.

Remark 5.1.2

Proposition 5.1.2 is not always true the other way around because a N-TS may be
obtainable from a GTS by the exclusion of the null set or the whole set but the same is
not the case the other way around. That is, we cannot obtain a GTS by including the null
set or the whole set to any random N-TS. For a function to be weakly Nu-continuous, all
the properties of continuity of the function in a GTS are intact, except for the exclusion
of the null set or the whole set from the GTSs in context. However, in other N-TSs,
where union or intersections of members are not members of a N-T, the properties of

weakly continuity will fail and hence the converse part will fail in general.

Proposition 5.1.3

If a map is continuous then it is also weakly Nu-continuous.



Proof:

Let f be a map between 7; and 7. If f is continuous, then for each W € 7, f~1(W) €
T;. Thus, f~1(X) € T;and f~1(@) € 7;. Now, the map f maps (X, C) to (Y, C) in such
a manner that either @ or X are excluded from the two topologies 7; and 7;. However,
the other open sets of the two topologies are intact in 7; and 7. Hence, the property of
continuity of the map f between 7; and 7,, is carried over to the map f between (X, C)

and (Y, ©) and hence f becomes weakly Nu-continuous.

Remark 5.1.3

The converse of Proposition 5.1.3 is not always true. If f that maps a GTS (X, 7;) to
another GTS (Y, 7) is continuous then f~1(X) € 7;but if we consider the N-Ts 7; \ X
and 7 \ Xfor weakly Nu-continuity then we do not need to worry whether f~1(X) €
J; or not, as X itself being excluded there will no image of X in 7, and as such the map
will be weakly Nu-continuous. However, the map will not be continuous
because f~1(X) & 7; as the image of X will not be there in 7.

Proposition 5.1.4

For two N-TSs (X,77), (U,7;), the map f between 7; and 7, will be weakly Nu-
continuous iff for every V, a 7,-N-CS, f~1(V) is 7;-N-C.

Proof:

If the map f between 7; and 7, is weakly Nu-continuous and V be any7;-N-CS then
cV(= Y\ V) will be 7,-N-O and f being weakly Nu-continuous, f~1(Y \ V) will be
7:-N-O.

Now, f~1(Y \ V) = X\ f~1(V), which is 73-N-O and hence f~1(V) is 7;-N-C.
Conversely, for f~1(V) is 7;-N-C for every V that are N-C in 75, then for any W, which
is 7,-N-O, Y \ W will be 7,-N-C and as such f~1(Y \ W) is 7;-N-C.

Now, f~1(Y\ W) =X\ f*(W)will be 7;-N-C, thereby showing that f =1 (W)is 73 -

N-O. Hence, as per proposition 5.1.1, f is weakly Nu-continuous.

Proposition 5.1.5
For two N-TS (X, 77) and (Y, 75), the map f from 7; to 7, will be Nu-continuous iff for
any x € X, the pre-image of all 7;-Nu-nhd of f(x) will be 7;-Nu-nhd of x.

Proof:



We assume the map f to be Nu-continuous, and x € X and V' be a random 7,-Nu-nhd
of f(x). Then the definition of Nu-nhd says that there isaV € T, so that f(x) € V <
Wwhich gives x € f~1(V) € f~1(W). Now, fbeing Nu-continuous so f~1(W) €
T, andsince x € f~1(V) € f~1(W) it means that f~1(W) is a 7;-Nu-nhd of x.

Conversely, let f~1(W) be a 7;-Nu-nhd of x for every 7;-Nu-nhd Wof f(x), then if
U € Tywill lead to x € f~1(U) so that f(x) € U. Now, since U € Ty, it is a 7,-Nu-nhd
of f(x)and hence by the condition f~1(U) is a 7;-Nu-nhd of xand hence f~1(U) € 7;

and hence by proposition 5.1.1, f is Nu-continuous.

Proposition 5.1.6

For two N-TS (X,7;) and (Y,7;), the map f from 7; to 7, will be weakly Nu-
continuous iff the pre-image of each member of a Nu-sub-base of Y is N-O in 73.
Proof:

Let f be weakly Nu-continuous with B® being a Nu-sub-base for Y and let Q € 7,.
Since each member of B* is N-O in 7, so by proposition 5.1.1 it can be concluded that
f71(Q) isN-O in 7 for every Q € BS.

Conversely, let £~1(Q) be N-O in 7; for every Q € BS, and if P is any N-OS in 7, and
B is a class of all finite intersections of components of B*so that B forms a Nu-base for
Y then if B € B, then there exists finite number of Q,,9,, 095, ...,Q, in B* so that B =
0:NQ,;N..0n Q. ThenfY(B)=f"1Q)NfF Q)N ..n f~1(Q,). Now, each
f(Q) eTisof ' (B) €T,

Also, since B is a Nu-base for Y, P =U {B: B € B; B < P}.

Then f~3(P) = f~Y[U{B:B € B; B € P}] =U [f~"X(B): B € B; B € P] which is N-O
in 77 since each f~1(B) € 7;. Thus f~(P) € 7; for each N-OS Pin T,. Hence as per

propositions 5.1.1 the function £ is weakly Nu-continuous.

Remark 5.1.4
In proposition 5.1.6 the map f will not be Nu-continuous because in a N-TS, the union

of members of the Nu-base may not be N-O.

Proposition 5.1.7
For two N-TSs (X, 7;) and (Y, 73), a function f from 7; to 7, is weakly Nu-continuous

iff the pre-image of every class of a Nu-base for Y is N-O in J;.



Proof:

Assume f to be weakly Nu-continuous, and assume B to be any member of a Nu-base
B for Y. Now, B is N-O in T, since B € B < 7, and hence by proposition 5.1.1,
f(B)eT.

Conversely, let f~1(B) is N-O member of 7; for any B € B and assume O to be any N-
OSin 7, then O can be described as: O =U {B:B € B; B < 0}.

Hencef~1(0) = f~[u{B:B € B;B € 0}] =uU [f1(B):B € B; B € O]which is N-O

since each f~1(B) is N-O. Hence as per proposition 5.1.1, f is weakly Nu-continuous.

Remark 5.1.5
In proposition 5.1.7, f will not be Nu-continuous because in a N-TS, the union of
members of the Nu-base may not be N-O.

Proposition 5.1.8

For two N-TSs (X,7;) and (U, 73), a function f from 7; to 7, is weakly Nu-continuous
iff (F~1(B))Nu—<t c F~1(BN“~<!) for any subset B of Y.

Proof:

Assume f to be weakly Nu-continuous, then BV*~¢! is N-C with respect to 7, and so by
proposition 5.1.4, f~Y(BV¥=¢l) is N-C with respect to 7; and hence
[f~1(BNu-cly|Nu=cl = f=1(pgNu=cly,

Now, B € BN“~“land so, f~1[B] € f~1[BN“~¢]

= [f~Y(B)Vw ¢ c [fY(BNu-chNVu-<l [by proposition 2.3.3 (iii)]

But [f—l(BNu—cl)]Nu—cl = BNty 5o (F71(B))Nucl ¢ f1(BNu~cl),
Conversely, let the condition be true. Now, if C be any N-CS in Y then V¥t = ¢,
Now, by condition (f~1(¢))Nu=¢t c F-1(eNu—<h) = F~1(C)

That is, (f~1(e)N4=< c F71(0).

But, f71(C) € (f~1(€))N*~¢, [by proposition 2.3.3 (i)]

Hence (f~1(€))N*~¢t = £~1(C), thus showing that f~1(€) is N-C in 77 and hence by

proposition 5.1.4, the function f is weakly Nu-continuous.

Remark 5.1.6
In proposition 5.1.8, the function f will not be Nu-continuous because in a N-TS, the

Nu-closure of a set is not necessarily a N-CS [by remark 2.3.1].



Proposition 5.1.9
For two N-TS (X,7;) and (Y,73;), a map f from 73 to 7, is weakly Nu-continuous iff
feNw=<hy c [f(e)]V*< for each subset C of X.
Proof:
Let f be weakly Nu-continuous and C € X and let f(C) =B <Y . Then by
proposition 5.1.8 we have (f~1(B))Nu~¢t c f-1(BNu~¢

= [fTHUENN = e FHFENt
= fHF(EN ) € fFHF(ENN, since f(C) € f(EN4)
Thus, f(EM*=) < [F(OI"*
Conversely, let the condition be true and assume that B is some arbitrary N-CS set in Y,
then f~1(B) c X.
Now, by the condition, f((f~1(B))N*~<)) c [f(f~1(B))Vu¢

= f(FH@BHMD € fF(FHBY )
= (f~Y(B)Nv=¢t c f~1(B), since B is N-CS

But, f~1(B) € (f~1(B))"*~¢, [by proposition 2.3.3 (i)]
Hence, we get (f~1(B))V“4~¢! = f~1(B) thereby showing f~1(B) is N-C in 7; and

hence by proposition 5.1.4, f is weakly Nu-continuous.

Remark 5.1.7
In proposition 5.1.9, f will not be Nu-continuous because the Nu-closure of a set being

equal to the set does not always mean that the set is N-C [by remark 2.3.1].

Proposition 5.1.10

For two N-TS (X,7;) and (Y,73;), a map f from 7; to 7, is weakly Nu-continuous iff
f(ANwIt) < [F71(A) VUt for any subset A of Y.

Proof:

Let f be weakly Nu-continuous. Now since AN*~ js N-O in Y so by proposition
5.1.1, f71(AN¥"t) is N-O in X and so [f~1(cANu-int)Nu~int = f=1( gNu=int)
Now, ANU~It € A = f1(ANUI) C f71(A)

N [f—l(cﬂNu—int)]Nu—int = [f—l(oq)]Nu—int

or, f71(AN¥=Int) c [ (AN, since f~1(AN*~) is N-O in X.



Conversely, if the condition is true then let B be any N-OS in Y so that BN¥~i"t = B,
then by the condition f~1(BN*~int) c [F~1(B) N, or f~1(B) < [f~H(B)|Vv ™,
But, we have, in general[f~1(B)]V*~" ¢ f~1(B)and so [f~1(B)]V4~"t = F~1(B)
which means that f ~1(B) is N-O in 7;and hence by proposition 5.1.1, f is weakly Nu-

continuous.

Remark 5.1.8
In proposition 5.1.10, the mapping f will not be Nu-continuous because in a N-TS, the

Nu-interior of a set is not necessarily a N-OS. [by Remark 2.1.3]

Proposition 5.1.11

For three N-TS (X, 77), (Y,7,), and (Z,73) if the maps f from 73 to 7, and g from T,
to 73 are Nu-continuous, then the map from (X,7;) to (Z,73) given by: go
f:(X,77) = (Z,73) is also Nu-continuous.

Proof:

Assume that C is a N-OS in T3, then by proposition 5.1.1, g~1(€) is N-O in T, and by
the same proposition f~1[g~1(¢)] is N-O in 73.

But f~g ()] =[f"to g (C) = (g ° f)~1(C). Thus, the pre-image with respect
to (g o f) of all sets that are N-O in 73 are also N-O inJ; and hence by proposition

5.1.1, g o f is Nu-continuous.

Proposition 5.1.12

For two N-TS (X, 7;) and (Y, 75), if A is some non-null subset of X and if f: (X, 7;) —
(Y,73) is weakly Nu-continuous, then the function f,;: A — Y is weakly Nu-
continuous.

Proof:

Assume B to be N-O in Y, then by definition, we have: f; ' (B) = A N f~1(B).

Now, since f is weakly Nu-continuous, by proposition 5.1.1, f~1(B) is N-O in J;and
hence A N f~1(B) is N-O in A and by proposition 5.1.1, f, is weakly Nu-continuous.

Proposition 5.1.13

For two N-TS (X,7), (U,7;), and {x} a singleton subset of X, the function
f:(X,77) = (Y,T) is Nu-continuous at x € X.

Proof:



Let B be any N-O subset of Y and let f(x) € B.
Now, f(x) € B> x € f"1(B)
= {x} € f71(B)

= f is Nu-continuous at the point x € X.

Proposition 5.1.14
For a N-TS (X, ©), the identity map f: X — X, defined as f(x) = x for every x € X is
Nu-continuous.
Proof:
LetBeT,ie. BSX.Now, f(x) =xeEXandB S X
= f7H(B) = {x € X:{(x) € B}
= f1(B) ={x € X:x € B}
= f1(B) = {x}
= f~1(B) isN-Oin X.

= f is Nu-continuous.

Definition 5.1.3

For two N-TS (X,77) and (Y,7;), amap f: X — Y is called a N-O map if the images
of all 7; N-OS are N-OS in 7,. The function f will be called Nu-bi-continuous if it is Nu-
continuous and a N-O map.

Amap f: X — Y is called a N-C map if the images of all 7; N-CSs are N-CSs in 7.

Definition 5.1.4
If (X,77) and (Y, T;) be two N-TSs, then a mapping f of X into Y is said to be a Nu-
homeomorphism if:
(1) f is one-one and onto
(i)  f: X = Y is weakly Nu-continuous.
(iii)  f71:Y - X is weakly Nu-continuous.
If such a function f exists then (X, 7;) and (Y, 7;) are said to be Nu-homeomorphic to

each other.

Proposition 5.1.15
For two N-TS (X, 77) and (Y, 75), if f is one-one and onto mapping of X to Y, then f

is @ Nu-homeomorphism iff f is weakly Nu-continuous and N-O map.



Proof:

Assume f is a Nu-homeomorphism and let f~* = g and g~ = f. Now, we have f is
one-one onto, and also g is one-one onto. Let O € 77, then g~1(0) € 7,. But since
g t=fsog 1(0) = f(0) € T,. Since 0 € 7; and f(0) € T5, it follows that f is a N-
O mapping and by virtue of Nu-homeomorphism, f is weakly Nu-continuous.
Conversely, let f is weakly Nu-continuous and a N-O map. Also, by condition f is one-
one onto. Suffices to prove that f~1 = g is weakly Nu-continuous. Let O € 73, then
f(0) € T, since f is a N-O map. That is, g~1(0) € T, thereby showing that g = f~1 is

weakly Nu-continuous. Hence f is a Nu-homeomorphism.

Proposition 5.1.16

For two N-TS (X,77) and (Y, 75), if f is one-one and onto mapping of X to Y, then f
is a Nu-homeomorphism if and only if f is weakly Nu-continuous and N-C map.

Proof:

Let f be a Nu-homeomorphism and let C be any 7;-N-CS. Then X \ Cis N-OS in 7;.
Since g = f~1 is weakly Nu-continuous, it follows that g=1(X \ C) is N-OS in 7. But,
g HXN\C) =Y\ g 1C). Hence Y \ g~ 1(C) is N-OS in T; and as such g~1(C) is N-
CSin 75, that is g71(C) = f(C) is N-CS in T;. Hence f is weakly Nu-continuous and a
N-C map.

Conversely, let the conditions hold and let O be any N-OS in 73, then X \ O is N-CS and
since fis a NC map, fF(X\0) =g 1(xX\0) =Y\ g 1(0)is a N-CS inT, which
implies that g=1(0) is N-OS in 7,. Thus, pre-image of every N-OS in J;under the
function g is N-OS in 7;. Thus, g = f~1 is weakly Nu-continuous and hence f is a Nu-

homeomorphism.

Proposition 5.1.17

For two N-TSs (X,7;) and (Y, 7), if a mapping f from 7; to 7, is one-one onto and
weakly Nu-continuous then f is a Nu-homeomorphism if f is N-O or N-C map.

Proof:

We assume that f is one-one onto and weakly Nu-continuous and also that f is either a
N-O or N-C map. We will show that £~ is weakly Nu-continuous. It will suffice to
show that f~1(BN*~<t) c [f~1(B)]"V*~! as per proposition 5.1.9 for any B € Y.

Now, B € Y = [f~1(B)]"* ¢ c X and isaN-CS in X.



And since f is a N-C map, we have:

FUFT @I = (F(F BV, since f(A) = [f (AN ... (1)
Now, f~1(B) c [f~1(B)|Vv ¢

This implies: f(f~1(B)) < f([f~1(B)]"*+<h)
= [ @)™ S A @
= [F(F @)™ < FUF @IV using (1)
= f(f1 @Y Y) € FUF T @BIN
- f—l(BNu—cl) = [f—l(B)]Nu—Cl

= f~1is weakly Nu-continuous by proposition 5.1.9. Hence the function f is a

Nu-—cl

Nu-homeomorphism.

Proposition 5.1.18
For two N-TS (X,Cyx) and (Y,Cy), a function f:(X,Cyx) - (Y,Cy) is N-O iff
f(ANUInt) c [F (AN for every A € X.
Proof:
Let f be N-O map and A S X then f(AN*"™") is N-O in Cy since AV~ is N-O in
Cy. Now, ANt C A, 50 f(ANU) C f(A). Again, since f (AN ™)is N-O in
Ty, 50 [f (ANw-inty|Nu=int — p(qNu=int (1)
AISO, f(cANu—int) C f(dq) = [f(quu—int)]Nu—int C [f(dq)]Nu—int

= FAMI) € [FA]V by (1)
Conversely, let the condition be true. That is, f(AN*"") € [F(A)]V4~ ™ for every
A € X and let O be any set in Cy, so that ON¥=it = ),
Then £(0) = F(ON¥=Int) c [£(0)]¥*~™¢, by the assumed condition.
But, in general [f(0)]V¥~ ™ € £(0).
Thus, we have: [f(0)]V*""t = £(0), thereby showing that £(0)is N-O in Cy Which

leads to the conclusion that £ is a N-O map.

Proposition 5.1.19
For two N-TS (X, Cy) and (Y, Cy), a mapping f: (X, Cx) - (Y, Cy) is N-C map iff
[f(E)N¥ct c fF(eNv<h) forevery C € X.

Proof:
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Let f be N-C map and € € X. Since ¢V*~¢!is N-C in Cy and f is a N-C map we have
f(eN“=¢hy isN-C in Cy and consequently, we have:

[f(CNu—ctyNt=cl = F(EN¥=C) e, (1)

Again, C € V¥ = £(€) c f(CN¥=¢h

= [f(C)]Nu_Cl C [f(CNu—Cl)]Nu—Cl — f(cNu—Cl) by (l)

ThUS, [f(C)]Nu_Cl C f(cNu—Cl).

Conversely, let [f(C)]V*~¢t c fF(eN“~<!) for all ¢ € X and if D be any C, N-CS so
that DV*=Ct = D. Then f(DV* 1) = f(D) wovvvverernne. (2)

Now, by condition [f(D)]V*~¢t c f(DN*~<)) = (D) by (2)

Thus, [f(D)]V~ < (D)

But in general, f(D) € [f(D)]N* ¢, since A S AN*¢, [by proposition 2.3.3 (i)]
Thus, we have [f(D)]V* < = f(D), thereby showing that f (D) is N-CS in Cy.

Hence f is a N-C map.

Proposition 5.1.20

For two N-TS (X, Cy) and (Y, Cy), if the map f: (X, Cx) - (Y, Cy) be one-one onto,
then £ is a Nu-homeomorphism if and only if [f(C)]V*~<t = f(cN¥=) for all € € X.
Proof:

Let f be a Nu-homeomorphism. Then f is one-one onto, f is weakly Nu-continuous
and f is N-C, by proposition 5.1.17.

Then by proposition 5.1.19, we have: f(CN¥=¢) € [F(E)IV* ... (1)

Also € € CNUu=¢t = £(C) C F(CVU) = [F(C)Nu~¢t C [F(CNU-cyNu=ct ... @)
Now, f is a N-C map and C"*~<!is N-CS in Cx and hence f(CV*~") is N-CS in Cy.
Hence [f(cNu=ch)Nu=cl = F(CN¥D) e, )

From (2) and (3), we get [f(C)]V¥ ¢t € F(CN*™ ) e, (4)

From (1) and (4), we have: f(cV*=<t) = [f(E)]Vu<

Conversely, let f(cN¥=¢Y) = [£(E)]V*~ for every C € X.

Then obviously f(€N*~<t) c [f(C)]V* ¢, and so by proposition 5.1.19, the function f
is weakly Nu-continuous.

Again, if D is any N-CS in Cy, so that DV¥~=¢t = D, then f(DN*~<) = (D)

= f(D) = f(DV¥=Y) = [f(D)]V*~! by the given condition.
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Hence f(D) is N-C in Cy for every N-CS Din Cy and so the function f is N-C.

Now, since f is N-C as well as Nu-continuous and it is also given to be one-one and

onto and hence f is a Nu-homeomorphism.

Proposition 5.1.21

For two N-TS (X, Cx) and (Y, Cy), if the mapping f: (X, Cx) = (Y, Cy) be N-O and
onto, and if B is a Nu-base for Cy then the class {f (B): B € B} is a Nu-base for Cy.
Proof:

Assume @ to be any N-OS in Cy and say y € Q be an arbitrary member. Now since f is
onto, there will be some x so that f(x) = y.

Moreover, B being a Nu-base for Cy, there will be some member of B to which x
belongs. If B, happens to be the smallest member of B so that x € B,, then f being N-
O, {(By) will be N-O in Cy. Also, f(x) € f(By) and as such f(By) will be the smallest
N-OS containing B, in Cy since By is the smallest N-OS containing x in Cy.

Thus, we must have: y = f(x) € f(B,) € Q and since the member B of B is arbitrary
so the class {f (B): B € B} becomes a Nu-base for Cy.

Proposition 5.1.22

For two N-TS (X,Cy) and (y, Cy) let B be a Nu-base for Cy . If the mapping
f: (X, Cx) = (Y, Cy) be such that f(B) € Cy for every B € B, then f is a N-O map.
Proof:

Let O be any member of Cy. It suffices to show that f(O) is a member of Cy. Since B
is @ Nu-base for C,we have: O =U {B,: B, € B}.

So f(0) = f(U{B,: B, € B}) =U {f(B,): B, € B}. Now, by the given condition
each f(B,) € Cy and hence f(0) € Cy and hence the function f is N-O.

Proposition 5.1.23

For two N-TSs (X, Cy) and (Y, Cy), let the mapping f: (X, Cx) - (Y, Cy) be a Nu-
homeomorphism then for A S X , BSY such that f(A)=B , the map
fa: (X, Cxsu) = (Y, Cyp) is a Nu-homeomorphism, where Cy,,4 and Cy /5 denote the
relative TSs.

Proof:
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Since f is one-one, so f, is also one-one. Also, since f(A) = B we have f,(A) =B
thereby showing that f; is onto also. Next, let O € Cy/4, then O = A NP, where P €
Cyx. Now since f is one-one, f(A NP) = f(A) N f(P).

So, f4(0) = f(O) = fF(A) N f(P) =B N f(P)

Now, fis N-O and P € Cx = f(P) € Cy. Hence f,(0) € Cy and so f, is N-O and
f.4 is Nu-continuous by the Nu-continuity of f, by proposition 5.1.1

Thus, £, is a Nu-homeomorphism.

5.2 Continuity in Anti-Topological Spaces

Remark 5.2.1

Definition of continuity of functions in an A-TS has been provided in chapter 1 in the
definitions 1.6.24 and 1.6.25.

Proposition 5.2.1

For three A-TS (X,77), (Y,T7,), and (Z,73) if the functions f from 7; and 7, and g
from T, to 73 are anti-continuous, then the function from (X, 7;) to (Z,73)which is
given by g o f: (X,77) = (Z,T3) is also anti-continuous.

Proof:

Let C be an A-OS in Z, then by definition 1.6.24 g~1(C) is A-OS in Y and by the same
definition f~[g~1(C)] is A-OSin X.

But f g (@) =[f"teog (€)= (ge°f)1(C). Thus, the pre-image under g o f
of all A-OS in Z are A-OS in X and hence by definition 1.6.24, the function g o f is

anti-continuous.

Proposition 5.2.2
For two A-TS (X,77), (Y,7;), and {x} a singleton subset of X, the function
f:(X,77) —» (Y,T,) is anti-continuous at x € X.
Proof:
Let B be an A-O subset of Y and let f(x) € B.
Now, f(x) € B> x € f"1(B)
= {x} € f71(B)

= f is anti-continuous at the point x € X’
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Proposition 5.2.3

For an A-TS (X, T), the identity map f: X — X, defined as f(x) = x for every x € X
IS anti-continuous.

Proof:

LetBeT7,ie.BC X.

Now, f(x) =x € Xand BS X

= f1(B) ={x € X:f(x) € B}

= f1(B) = {x € X:x € B}

= f1(B) = {x}

= f"1(B)isA-Oin X.

= f is anti-continuous.

Proposition 5.2.4

If a function f between two A-TSs (X, 7;) and (Y, 75) is anti-continuous then for each
x € X and for any A-OS B containing f(x) there will be an A-OS A which contains x
so that f(:A) = B.

Proof:

Assume f(x) € B, then x € f~1(B). Now, if f is anti-continuous then f~1(B) is A-O
in 7;. Now, A is A-OS in X that contains x and f~1(B) is also A-OS in 7; that also
contain x. So, we must have either f~1(B) € A or, A S f~1(B) which is possible
only if A = f~1(B) which gives f(A) = B.

Proposition 5.2.5

For two A-TSs (X,7;) and (Y,7;), a map f from 73 to 7, is anti-continuous iff
(f~L1(B))Anti=ct ¢ fF=1(BA=<l) for each A-C subset B of Y.

Proof:

Assume f to be anti-continuous, thenB4™i=¢lis A-C with respect to 7, and so by
definition 1.6.25, f~1(BA™i~<l) is A-C with respect to 7; and hence
[f—l(BAnti—cl)]Anti—cl — f—l(BAnti—cl).

Now, B € B4™i~¢l and so, f~1(B) c f~1(BA™MI~<)

= (fH(B))Anti=el ¢ [f 1 (BAnt-chy)Anti=cl Thy proposition 4.3.3 (iii)]

But [f—l(BAnti—cl)]Nt—Cl — f_l(BAnti_Cl), o) (f—l(B))Anti—Cl C f—l(BAnti—Cl).
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Conversely, let the condition hold and let C be any A-CS with respect to 7, so that
cAnti=cl = ¢, Now, by condition (f~1(C))4mi~¢ct c F=1(eAnti=ct) = F-1(e)

That is, (f~1(C))4mt=ct c £71(0).

But, f71(C) € (f~1(€))4™~<, [by proposition 4.3.3 (i)]

Thus (f~1(€))A™=<t = £~1(¢), thereby showing f~1(C) to be A-C with respect to 7;

and hence as per definition 1.6.25, the map f is anti-continuous.

Remark 5.2.2
The above proposition does not hold if the subset B of Y is not an A-CS.

Proposition 5.2.6
For two A-TSs (X,7;) and (Y,7;), a map f from 73 to 7, is anti-continuous iff
f(eAnti=ct) c [f(e)]4™i=<! for any A-C subset C of X.
Proof:
Assume f to be anti-continuous and C is some A-C subset of X and let f(C) =B S Y.
Then proposition 5.2.6 gives (f ~1(B))4nti—¢l ¢ f-1(BAnti=cl)
= [ mEn]met < FHFE)

= fTHFEAMD) < FTHF(E) A, since £(C) = f(CA™)
ThUS, f(cAnti—cl) c [f(e)]Anti—Cl
Conversely, let the condition hold and assume B to be some A-CS with respect to 75,
then f~1(B) c X.
Now, by the condition, we have f((f~1(B))4™=¢!) c [f(f~1(B))]Ami~¢

= F((FH(B))Ami=<l) € (-1 (BAt-<L))

= (f~Y(B))A™i=¢l ¢ f~1(B), given B is A-C
But, f~1(B) € (f~1(B))A™=<, [by proposition 4.3.3 (i)]
Hence, we get (f~1(B))4™i~¢l = f~1(B) thereby showing f~*(B)to be A-C with

respect to 7; and hence as per definition 1.6.25, the function f is anti-continuous.

Proposition 5.2.7
For two A-TSs (X,7;) and (Y,7;), a map f from 77 to 7, is anti-continuous if
fr(aAaAnti-int) = [F-1(4)]Ant=int for any A-O subset A of Y.

Proof;
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Let the condition hold and assume that B is some A-OS in 7, so that BAnt-int = B,
then by the given condition we have:

f—l(BAnti—int) — [f—l(B)]Anti—int

Or, f_l(B) — Dc—l(B)]Anti—int

This shows that f~1(B) is A-O in 77 and hence as per definition 1.6.25 the map f is

anti-continuous.

Definition 5.2.1
For two A-TSs (X,7;) and (Y,7,), a map f from 73 to 7, is termed an A-O map if
image of any 7;-A-OSis T,-A-OS.

Definition 5.2.2
For two A-TSs (X, 77) and (Y, T,), amap f from J; to 75 is called an A-C map if image
of any 7;-A-CSis 7,-A-CS.
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